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Abstrat
Given a negatively urved geodesi metri spae M , we study the statistial asymp-
toti penetration behavior of (loally) geodesi lines of M in small neighborhoods of
points, of losed geodesis, and of other ompat (loally) onvex subsets of M . We
prove Khinthine-type and logarithm law-type results for the spiraling of geodesi lines
around these objets. As a onsequene in the tree setting, we obtain Diophantine ap-
proximation results of elements of non-arhimedian loal elds by quadrati irrational
ones.
1
1 Introdution
Let M be a ompat onneted Riemannian manifold with negative setional urvature.
Endow the total spae of the unit tangent bundle π : T 1M →M with the Bowen-Margulis
measure µ, whih is the maximal entropy probability measure for the geodesi ow (φt)t∈R
on T 1M . Let h be the topologial entropy of (φt)t∈R. In this paper, we study the statistial
asymptoti penetration behavior of (loally) geodesi lines in various objets in M , as
tubular neighborhoods of losed geodesi, tubular neighborhoods of ompat embedded
totally geodesi submanifolds, and other onvex subsets. In this introdution, we x a
Lipshitz map g : R+ → R+.
We rst onsider a losed geodesi C in M , and study the spiraling of geodesis around
C. As the geodesi ow is ergodi with respet to µ, almost every orbit in T 1M is dense.
Two geodesi lines, having at some time their unit tangent vetors lose, follow themselves
losely a long time. Hene almost every geodesi line will stay for arbitrarily long periods of
times in a given small tubular neighborhood of C. In this paper, we make this behaviour
quantitative. For that, we prove a Khinthine-type theorem, and a logarithm law-type
orollary, for geodesi lines spiraling around C. Fix a small enough ǫ > 0, and let NǫC be
the (losed) ǫ-neighborhood of C.
Theorem 1.1 If
∫ +∞
1 e
−h g(t) dt onverges (resp. diverges), then for µ-almost no (resp. ev-
ery) v ∈ T 1M , there exist positive times (tn)n∈N onverging to +∞ suh that π ◦ φt(v)
belongs to NǫC for every t in [tn, tn + g(tn)].
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Dene the penetration map p : T 1M ×R→ [0,+∞] in NǫC by p(v, t) = 0 if π ◦φt(v) /∈
NǫC, and otherwise p(v, t) is the maximal length of an interval I in R ontaining t suh
that π ◦ φs(v) ∈ NǫC for every s in I. We refer to [PP℄ for (many) other ways to measure
the penetration of a geodesi line in the ǫ-neighborhood of C.
Corollary 1.2 For µ-almost every v ∈ T 1M ,
lim sup
t→+∞
p(v, t)
log t
=
1
h
.
When M has onstant urvature, and after a geometri translation, Theorem 1.1 and
Corollary 1.2 follow from known results (see for instane [DMPV℄, as well as the reent
[BV℄, where the methods are very dierent).
We also prove a Khinthine-type theorem for geodesi lines spiraling around totally
geodesi submanifolds. For the sake of simpliity in this introdution, we only formulate
it for real hyperboli manifolds, see Theorem 4.9 for a more general statement.
Theorem 1.3 Assume furthermore that M is a real hyperboli n-manifold, and C a losed
embedded totally geodesi submanifold of dimension k ≥ 1. Let ǫ > 0 be small enough.
If
∫ +∞
1 e
−(n−k)g(t) dt onverges (resp. diverges), then for µ-almost no (resp. every)
v ∈ T 1M , there exist positive times (tn)n∈N onverging to +∞ suh that π ◦ φt(v) belongs
to NǫC for every t in [tn, tn + g(tn)].
Besides totally geodesi submanifolds, one ould also measure the asymptoti spiraling
of geodesi lines around other onvex subsets, in partiular in hyperboli 3-manifolds.
Reall that a subgroup Γ0 of a Kleinian group Γ, whose limit set is denoted by ΛΓ0, is
preisely invariant if the intersetion γΛΓ0 ∩ ΛΓ0 is empty for every γ ∈ Γ− Γ0.
Theorem 1.4 Assume furthermore that M = Γ\H3
R
is an hyperboli 3-manifold, and let
Γ0 be a preisely invariant quasi-fushian subgroup of Γ. Let δ0 be the Hausdor dimension
of the limit set ΛΓ0, and let C0 be the image in M of the onvex hull of ΛΓ0 in H
3
R
. Let
ǫ > 0 be small enough.
If
∫ +∞
1 e
−(2−δ0)g(t) dt onverges (resp. diverges), then for µ-almost no (resp. every)
v ∈ T 1M , there exist positive times (tn)n∈N onverging to +∞ suh that π ◦ φt(v) belongs
to NǫC0 for every t in [tn, tn + g(tn)].
All these results follow from our main result, Theorem 4.9, whih is muh stronger
than the above ones. We do not require M to be ompat. The rst two statements above
remain valid when M is omplete, non elementary, with a negative upper bound on its
setional urvature, up to replaing h by the ritial exponent δ of the fundamental group
Γ of M ating on a universal Riemannian overing M˜ of M , and under some assumptions
on Γ. Under these hypotheses on M , Theorem 1.4 is still valid, up to replaing H3
R
by M˜ ,
Γ0 by a malnormal innite index onvex-oompat subgroup of Γ with rititial exponent
δ0, and 2− δ0 by δ − δ0.
Furthermore, we do not need M˜ to be a manifold, Theorem 4.9 is valid in general
CAT(−1) spaes, for instane in hyperboli buildings (i.e. Tits buildings modeled on an
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hyperboli reetion group, see [Bou2, GP, HaP℄ for examples). Corollary 4.11 is an
example of an appliation. In this introdution, we quote two results in the setting of
trees. The rst one will be proved in Setion 4. Let E[·] be the integer part map.
Proposition 1.5 Let T be a loally nite tree, and Aut(T ) be its loally ompat group of
automorphisms, suh that Aut(T )\T is nite. Let Γ be a lattie in Aut(T ) ating without
inversion on T . Let Γ\GT be the quotient by Γ of the spae GT of isometri maps ℓ : R→ T ,
endowed with its geodesi ow (φt)t∈R (the ation of R by translations at the soure). Let µ
be the maximal entropy measure for the ation of (φt)t∈R on Γ\GT , and h be its topologial
entropy. Let C be a yle in the graph Γ\T with L edges.
If
∫ +∞
1 e
− h
L
g(t) dt onverges (resp. diverges), then for µ-almost no (resp. every) ℓ ∈
Γ\GT , there exist positive times (tn)n∈N onverging to +∞ suh that the path t 7→ ℓ(t),
starting at time tn, turns around C at least E[g(tn)] times.
The next result (see Setion 5) uses the Bruhat-Tits tree of the algebrai group SL2
over the loal eld K̂ = Fq((X)) of formal Laurent series in the variable X
−1
over the
nite eld Fq. Let µ be a Haar measure of K̂. Let | · |∞ be the absolute value of K̂.
Reall that an element of K̂ is irrational if it does not belong to the subeld Fq(X) of
rational frations over Fq, and is quadrati if it is a solution of a quadrati equation with
oeients in Fq(X). The group SL2(Fq[X]) ats by homographies on the set of quadrati
irrational elements of K̂, and two of these are ongruent if they are in the same orbit. For
every irrational quadrati element α in K̂, let h(α) = |α − α∗|−1∞ , where α∗ is the Galois
onjugate of α, be its height (see Setion 5). In [HP5℄, we proved a 0-1 measure result for
the Diophantine approximation of elements of K̂ by rational ones. The following result
(see Setion 5) is an analogous one for the Diophantine approximation of elements of K̂
by quadrati irrational ones.
Theorem 1.6 Let ϕ : R+ → R∗+ be a map with u 7→ logϕ(eu) Lipshitz. If the integral∫ +∞
1 ϕ(t)/t dt diverges (resp. onverges), then for µ-almost every x ∈ K̂,
lim inf
h(β)
ϕ(h(β))
|x− β|∞ = 0 (resp. = +∞) ,
where the lower limit is taken over the quadrati irrational elements β in K̂, in any
(resp. some) ongruene lass, with h(β) → +∞.
For other number theoreti appliations of the results of this paper and of [PP℄, we
refer to [HPP℄.
We rst start in Setion 2 by realling properties of the CAT(−1)-spaes X and their
spaes at innity ∂∞X. We introdue, for every non empty losed onvex subset C of X,
a nie new distane-like map dC on ∂∞X − ∂∞C. It generalizes Gromov's distane when
C is redued to a point (see for instane [Bou1℄), or Hamenstädt's distane when C is a
horoball (see [Ham℄[HP1, Appendix℄).
In Setion 3, we present the main tehnial tool of this paper, a geometri avatar of
the Borel-Cantelli lemma. This tool will also be used in Setion 6 (whih an be read
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independently of Setion 4) to prove other approximation results, both of Khinthine-type
and logarithm law-type, expressing how exatly lose to a given point passes almost every
geodesi line. The following result is joint work with C. S. Aravinda. See Theorem 6.3 for a
more general statement about the approximation of given points by almost every geodesi
lines.
Theorem 1.7 Assume furthermore that M has onstant urvature −1 and dimension n,
and let x0 ∈M . Then for Liouville-almost every v in T 1M ,
lim inf
t→+∞
d(π ◦ φt(v), x0)
log t
=
1
n− 1 .
In Setion 4, we start by explaining the general situation overing all results 1.1-1.6.
We prove some new estimates on the relative geometry of the onvex hulls of subgroups
of a disrete group of isometries of a CAT(−1) metri spae. Among the new geometri
informations (possibly useful for later appliations), we give in Theorem 4.4 a utuating
density result. It explains the variation in ǫ of the mass for a onformal density of the
ǫ-neighborhood of the limit set of a onvex-oompat subgroup. We then prove our main
result, Theorem 4.9.
Khinthine-type theorems and their logarithm law-type orollaries for the spiraling of
geodesi lines around usps were obtained by D. Sullivan [Sul℄ when M has nite volume
and onstant urvature, by D. Kleinbok and G. Margulis [KM℄ if M is a nite volume
loally symmetri spae, by B. Stratmann and S. L. Velani [SV℄ (see also for instane
[DMPV, BV℄) if M is geometrially nite with onstant urvature, and by the authors
[HP4℄ if M is geometrially nite with variable urvature. In this paper, whih requires
many new geometri inputs, our intelletual debt to D. Sullivan's work is still important.
Aknowledgements. The seond author aknowledges the support of the University of Georgia at
Athens for fruitful visits. Theorem 6.3, and most of the ontent of Setion 6, was essentially proved
by Aravinda and the seond author during a stay of Aravinda at the Université d'Orsay in 2000.
We also thank V. Kleptsyn and M. Polliot for their omments, and F. Haglund for Remark 4.10.
2 On onvexity properties of CAT(-1)-spaes and their dis-
rete subgroups
We refer for instane to [Bou1, BH℄ for the denitions and basi properties of CAT(−1)
metri spaes, their horospheres and their disrete groups of isometries. The new result in
this setion is the ontrution of the distane-like map dC for a onvex subset C.
Let X be a proper CAT(−1) geodesi metri spae. Its boundary at innity is denoted
by ∂∞X. The spae of geodesi lines ℓ : R→ X in X, with the ompat-open topology, is
denoted by GX. The geodesi ow on GX is the ation of R by translation at the soure.
For every point x0 in X, the spae GX identies with ((∂∞X × ∂∞X) − ∆) × R, where
∆ is the diagonal in ∂∞X × ∂∞X, by the map whih assoiates to a geodesi lines ℓ the
triple (ℓ(−∞), ℓ(+∞), t) of the points at innity of ℓ and the algebrai distane t on ℓ
(oriented from ℓ(−∞) to ℓ(+∞)) between ℓ(0) and the losest point of ℓ to x0. Given
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another base point x′0, this parametrization (alled Hopf's) diers from the one dened by
x′0 only by an additive onstant on the third fator. When X is a Riemannian manifold,
the map T 1X → GX whih assoiates to v ∈ T 1X the geodesi line t 7→ π ◦ φt(v), with
π : T 1X → X the anonial projetion, is an homeomorphism equivariant with respet to
the ations of the isometry group of X and of the geodesi ows on T 1X and GX.
For every ξ in ∂∞X, the Buseman funtion at ξ is the map βξ from X×X to R dened
by
βξ(x, y) = lim
t→+∞ d(x, ξt)− d(y, ξt) ,
for any geodesi ray t 7→ ξt ending at ξ. For every subset A of X and every point x in
X ∪ ∂∞X, we denote by xA the shadow of A seen from x, i.e. the set of points at innity
of the geodesi rays or lines starting from x and meeting A.
The following result, needed only in Setion 6, is Proposition 3.1 of [HP2℄ (whose proof
of the left inlusion is valid under the only assumptions below).
Lemma 2.1 Let ρ be a geodesi ray in X, with x = ρ(0) and ξ = ρ(+∞).
(1) For every c, t > 0, the ball Bdx(ξ, ce
−t) for the visual distane (see Example 1 below)
dx on ∂∞X is ontained in the shadow x
(
B(ρ(t), c)
)
.
(2) If X is a Riemannian manifold with setional urvature −a2 ≤ K ≤ −1, where
a ≥ 1, then there exists κ1, κ2, κ3 > 0 suh that for every c ∈ ] 0, κ3] and every t ≥ κ2, the
shadow x
(
B(ρ(t), c)
)
is ontained in the ball Bdx(ξ, κ1 c
1
a e−t). 
Given a point at innity ξ ∈ ∂∞X and a horosphere H entered at ξ, let dξ,H , d′ξ,H :
(∂∞X − {ξ})2 → R be the following maps. Let η, η′ ∈ ∂∞X − {ξ}. Let t 7→ ηt and t 7→ η′t
be the geodesi lines starting from ξ, passing at time t = 0 in H, and onverging to η and
η′, respetively. Dene the Hamenstädt distane (see [Ham℄[HP1, Appendix℄)
dξ,H(η, η
′) = lim
t→+∞ e
1
2
d(ηt,η′t)−t ,
whih is a distane induing the original topology on ∂∞X−{ξ}. The uspidal distane (see
[HP3℄) d′ξ,H is dened as follows: If η 6= η′, then − log
(
2 d′ξ,H(η, η
′)
)
is the signed distane,
along the geodesi line ]ξ, η[ oriented from ξ to η, from H to the horosphere entered at η
and meeting the geodesi line ]ξ, η′[ in exatly one point. Though not neessarily an atual
distane, d′ξ,H is equivalent to the Hamenstädt distane (see [HP3, Rem. 2.6℄).
Let C be non empty losed onvex subset of X. (Reall that a subset C in a CAT(−1)
metri spae is onvex if C ontains the geodesi segment between any two points in C.)
We denote by ∂∞C its set of points at innity, and by ∂C its boundary in X. For every ξ
in X ∪ ∂∞X, we dene the losest point to ξ on the onvex set C, denoted by πC(ξ), to be
the following point p in C∪∂∞C: If ξ ∈ X, then p belongs to C and minimizes the distane
between x and a point of C; if ξ ∈ ∂∞X − ∂∞C, then the (losed) horoball entered at
ξ whose horosphere ontains p meets C exatly at p; if ξ ∈ ∂∞C, then we dene p = ξ.
This p exists, is unique, and πC : X ∪∂∞X → C ∪∂∞C is ontinuous, by the properties of
CAT(−1)-spaes. When X is a Riemannian manifold, πC is (outside ∂∞C) the orthogonal
projetion on C.
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Let us dene a distane-like map dC on ∂∞X − ∂∞C. For every ξ, η in ∂∞X − ∂∞C,
let t 7→ ξt and t 7→ ηt be geodesi rays, starting at time 0 from the losest points to ξ and
η on C, and onverging to ξ and η respetively. Dene
dC(ξ, η) = lim
t→+∞ e
1
2
d(ξt,ηt)−t = lim
t→+∞ e
1
2
(
d(ξt,ηt)−d(ξt,πC(ξ))−d(ηt ,πC(η))
)
.
Note that these limits exist, and the seond equality holds for every geodesi rays t 7→ ξt
and t 7→ ηt onverging to ξ and η, respetively. For every isometry γ of X, we have
dγC(γξ, γη) = dC(ξ, η) .
In partiular, any isometry of X preserving C preserves dC . For every ǫ > 0, the (losed)
ǫ-neighborhood NǫC of C in X is still onvex with ∂∞(NǫC) = ∂∞C, and
dNǫC(ξ, η) = e
ǫ dC(ξ, η) .
Examples.
(1) If C is redued to a point x in X, then dC = dx is the usual visual distane seen
from x on ∂∞X (see for instane [Bou1℄).
(2) If C is a (losed) ball of enter x and radius r, then dC = e
r dx, as C = Nr{x}.
(3) If C is a (losed) horoball with point at innity ξ and boundary horosphere H,
then dC = dξ,H is the Hamenstädt distane on ∂∞X−{ξ} as realled above. If (Cn)n∈N is
a sequene of balls onverging uniformly on ompat subsets of X to an horoball C, then
the maps dCn onverge uniformly on ompat subsets of ∂X − {ξ} to dC .
(4) If X is a metri tree, then it is easy to prove that, for every ξ, η in ∂∞X − ∂∞C,
dC(ξ, η) =
{
e
1
2
d(πC(ξ), πC(η)) if πC(ξ) 6= πC(η)
e−d(πC(ξ), q) if πC(ξ) = πC(η) and [πC(ξ), ξ[ ∩ [πC(η), η[ = [πC(ξ), q] .
(- 1 -)
In partiular, in a small enough neighborhood of any point ξ0 in ∂∞X − ∂∞C, the map
dC then oinides with the visual distane dπC(ξ0).
(5) Let X be the real hyperboli n-spae Hn
R
, and let C be a omplete totally geodesi
submanifold of dimension k with 0 < k < n. Let x0 be a point in C, and Sx0(C
⊥) be the
sphere of unit tangent vetors at x0 that are perpendiular to C, endowed with the angular
distane (v, v′) 7→ ∠x0(v, v′). Note that the standard Eulidean distane on Sx0(C⊥) is
given by (v, v′) 7→ 2 sin ∠x0 (v,v′)2 . For every ξ ∈ ∂∞X − ∂∞C, let π′C(ξ) be the parallel
transport to x0, along a geodesi line through x0, πC(ξ), of the unit tangent vetor at
πC(ξ) of the geodesi ray [πC(ξ), ξ[. We thus get a map π
′
C : ∂∞X − ∂∞C → Sx0(C⊥). In
partiular, (πC , π
′
C) : ∂∞X − ∂∞C → C × Sx0(C⊥) is an homeomorphism.
Lemma 2.2 For every ξ, η in ∂∞X − ∂∞C,
dC(ξ, η) =
√
sinh 2
d
(
πC(ξ), πC(η)
)
2
+ sin 2
∠x0
(
π′C(ξ), π
′
C(η)
)
2
.
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Proof. Let ρ = d(πC(ξ), πC(η)) and let θ = ∠x0(π
′
C(ξ), π
′
C(η)). We have to prove that
dC(ξ, η) =
1
2
√
eρ + e−ρ − 2 cos θ. This last formula follows from an easy omputation using
the piture below. Reall that sinh b = 1/ tanα, where b is the hyperboli length of the
ar of any half-irle perpendiular to the horizontal plane between the angles α and π2 in
the upper halfspae model of H
3
R
(see [Bea, page 145℄).
Take a opy of H
3
R
ontaining ξ, η and a
geodesi line passing through πC(ξ), πC(η).
Use the upper halfspae model of H
3
R
where
this geodesi line is a vertial line between
0 and ∞, with πC(η) above πC(ξ). Sale
suh that the Eulidean distane between 0
and ξ is 1. Consider the points η′s, ηs, ξ′s, ξs at
Eulidean height s lose to 0 on respetively
[πC(η), η[ , ]η, ξ[ lose to η, [πC(ξ), ξ[ , ]η, ξ[
lose to ξ, so that dC(ξ, η) is equal to
lim
s→0
e
1
2
(
d(ξs,ηs)−d(ξ′s,πC(ξ))−d(η′s ,πC(η))
)
.
Now just use several times the previously men-
tionned formula sinh b = 1/ tanα. 
C ∩H3
R
ρ
θ √
e2ρ + 1− 2eρ cos θ
ξ
πC(η)
s η
1
η′s
ξs
ηs
ξ′s
πC(ξ)
eρ
0
In partiular, if X = H2
R
, if C is a geodesi line and if ξ, η are in the same omponent
of ∂∞X − ∂∞C, then
dC(ξ, η) = sinh
d(πC(ξ), πC(η))
2
.
By taking a, b, c in the same omponent of ∂∞X − ∂∞C suh that d(πC(a), πC(b)) =
d(πC(b), πC(c)) =
1
2d(πC(a), πC(c)) are big enough, we see that dC does not satisfy the
triangle inequality, hene is not a distane.
After these examples, let us go bak to the general situation on X,C, and let us prove
some results saying that at least on ompat subsets, the map dC behaves quite like a
distane.
Lemma 2.3 (1) For every x0 in X, for every ompat subset K of ∂∞X − ∂∞C, there
exists a onstant cK > 0 suh that for every ξ, η in K, we have
1
cK
dx0(ξ, η) ≤ dC(ξ, η) ≤ cK dx0(ξ, η) .
(2) For every ξ in ∂∞X − ∂∞C, the map η 7→ dC(ξ, η) is proper on ∂∞X − ∂∞C.
(3) For every ξ, η in ∂∞X − ∂∞C,
(3− 2
√
2) e
1
2
d(πC(ξ),πC(η)) e−d(C, ]ξ,η[ ) ≤ dC(ξ, η) ≤ e
1
2
d(πC(ξ),πC(η)) .
(4) There exist universal onstants c, c′ > 0 suh that for every ξ, η in ∂∞X − ∂∞C, if
dC(ξ, η) ≤ c, then C and the geodesi line ]ξ, η[ are disjoint, and
1
c′
e−d(C, ]ξ,η[ ) ≤ dC(ξ, η) ≤ c′ e−d(C, ]ξ,η[ ) .
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Note that by hyperboliity, min{d(πC(ξ), πC(η)), d(C, ]ξ, η[ )} is, for every ξ, η, less than
a universal onstant.
Proof. For every x0 in the onvex subset C and ξ in ∂∞X−∂∞C, by the triangle inequality
and the CAT(−1) inequality, we have
d(ξt, x0) ≤ d(ξt, πC(ξ)) + d(x0, πC(ξ)) ≤ d(ξt, x0) + 2 log(1 +
√
2) ,
with ξt as above. Hene for every ξ, η in ∂∞X − ∂∞C,
(3− 2
√
2) dx0(ξ, η) ≤ dC(ξ, η) e−
1
2
(
d(x0,πC(ξ))+d(x0,πC(η))
)
≤ dx0(ξ, η) . (- 2 -)
The rst result easily follows. By taking x0 = πC(ξ) in the lower bound of Equation (- 2 -),
the seond assertion also follows. By taking x0 to be the midpoint of the geodesi segment
[πC(ξ), πC(η)] in Equation (- 2 -), and sine dx0 ≤ 1, the upper bound in the third assertion
follows.
By the triangle inequality, dx0(ξ, η) ≥ e−d(x0, ]ξ,η[ ). Hene, by taking x0 in Equation
(- 2 -) to be the losest point of C to ]ξ, η[ if C and ]ξ, η[ are disjoint, or any point in
C∩ ]ξ, η[ otherwise, and by using again the triangle inequality, the lower bound in the
third assertion follows.
The last assertion follows by standard tehniques of approximation by trees (see for
example [GH, page 33℄). 
In partiular, the non negative symmetri map dC vanishes on and only on the diagonal
of (∂∞X − ∂∞C)2. But as seen above, dC is not always a distane.
It also follows from Lemma 2.3 (1) that the uniform struture (see for instane [Bou℄)
dened (on ompats subsets) by the family
({(x, y) ∈ (∂∞X − ∂∞C)2 : dC(ξ, η) ≤ ǫ})ǫ>0
is isomorphi (on ompats subsets) to the uniform struture dened by the distane dx0 .
Remark. Though we won't need it in this paper, here is a formula expressing the distane-
like map dC , when C = L is a geodesi line with endpoints L−, L+, in terms of the
Hamenstädt distane and the uspidal distane: For every ξ, η in ∂∞X − {L−, L+}, for
every horosphere H small enough entered at L−,
dC(ξ, η) =
dL−,H(ξ, η)
2
(
d′L−,H(ξ, L+)d
′
L−,H
(η, L+)
) 1
2
.
Proof. Let Hξ (resp. Hη) be the horosphere entered at ξ (resp. η) passing through πC(ξ)
(resp. πC(η)). Let hξ (resp. hη) be the intersetion point of Hξ (resp. Hη) with the geodesi
line ]ξ, L−[ (resp. ]η, L−[). Then
dC(ξ, η) = lim
t→+∞ e
1
2
(
d(ξt,ηt)−d(ξt,hξ)−d(ηt,hη)
)
= dL−,H(ξ, η) e
1
2
(
d(hξ ,H)+d(hη ,H)
)
,
whih proves the result. 
Let Γ be a disrete group of isometries of X. Its limit set is denoted by ΛΓ, and if
ΛΓ ontains at least two points, then the onvex hull of ΛΓ is denoted by CΓ. Reall that
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∂∞CΓ = ΛΓ. The ritial exponent of Γ is the unique number δΓ in [0,+∞] suh that
the Poinaré series Px0,Γ(s) =
∑
γ∈Γ e
−s d(x0,γx0)
of Γ onverges for s > δΓ and diverges
for s < δΓ, where x0 is any point in X. The group Γ is alled of divergent type if its
Poinaré series diverges at s = δΓ. The group Γ is non elementary if ΛΓ ontains at least
three points, and we have then δΓ > 0. Note that when X is a Riemannian manifold and
Γ is torsion free with ompat quotient X/Γ, then the ritial exponent δΓ of Γ is the
topologial entropy of the geodesi ow of X/Γ (see for instane [Man℄).
If δ ∈ ]0,+∞[, a onformal (or Patterson-Sullivan) density of dimension δ for Γ is a
family (µx)x∈X of nite Borel measures on ∂∞X, suh that
• ∀ γ ∈ Γ , γ∗µx = µγx,
• ∀ x, y ∈ X, ∀ ξ ∈ ∂∞X , dµxdµy (ξ) = e−δβξ(x,y).
Using Hopf's parametrization with respet to any base point x0 of X, the (Patterson-
Sullivan-)Bowen-Margulis measure assoiated to this family is the measure µ˜
BM
on GX
given by
d µ˜
BM
=
dµx0(ξ) dµx0(η) dt
dx0(η, ξ)
2δ
.
This measure on GX is independant of x0, invariant by the ation of Γ and by the geodesi
ow (and by the time reversal ℓ 7→ {t 7→ ℓ(−t)}), hene denes a measure µ
BM
on Γ\GX
whih is invariant by the quotient geodesi ow (see for instane [Bou1, Rob℄). Note that
if µ
BM
is nite, then δ = δΓ and Γ is of divergent type (see [Rob, page 18-19℄).
If Γ is of divergent type with a nite non zero ritial exponent δ, then (see for instane
[Bou1℄) there exists a onformal density of dimension δ for Γ, whih is unique up to a
positive salar fator, and whih is ergodi with respet to the ation of Γ on ∂∞X. The
Bowen-Margulis measure assoiated to any suh onformal family (both on GX and on
Γ\GX) will be alled a Bowen-Margulis measure of Γ (it is also uniquely dened up to a
positive salar fator). WhenX is a manifold and Γ ats freely onX with ompat quotient,
the Bowen-Margulis measure on the unit tangent bundle of the ompat negatively urved
manifold M = Γ\X, normalized to be a probability measure, is the maximal entropy
probability measure for the geodesi ow of M (via the anonial identiation of GX
and T 1X), see for instane [Kai℄. When furthermore X has onstant urvature, then the
Bowen-Margulis measure and the Liouville measure (when both are normalized) oinide
on M .
The following result, whih is obvious by denition of the Bowen-Margulis measure,
will be used in the setions 4 and 6.
Lemma 2.4 Let π+ : GX → ∂∞X be the map ℓ 7→ ℓ(+∞). Let µ˜BM be the Bowen-Margulis
measure on GX assoiated to a onformal family (µx)x∈X for Γ. Then the preimage by
π+ of a set of measure 0 (resp. > 0) for µx (for some (equivalently for any) x in X) has
measure 0 (resp. > 0) for µ˜
BM
. 
Besides its invariane under Γ and the geodesi ow, and its ergodiity on Γ\GX, this
is the only property of the Bowen-Margulis measure µ˜
BM
on GX that will be used in this
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paper. In partiular, we may replae µ˜
BM
by any other measure satisfying these invariane
properties and this lemma, as for instane the Knieper measure (see [Kni℄).
The group Γ is said to be onvex-oompat if ΛΓ ontains at least two points, and
if the ation of Γ on CΓ has ompat quotient. In partiular, the group generated by
an hyperboli isometry of X is onvex-oompat, with ritial exponent 0. In fat, if
Γ is onvex-oompat, then its ritial exponent is 0 if and only if Γ has an index two
subgroup generated by an hyperboli isometry of X. Note that ∂∞CΓ = ΛΓ, and that if Γ
is onvex-oompat then Γ is of divergent type (see for instane [Bou1, Rob℄).
For every f, g : N → [0,+∞[, write f ≍ g if there exists a onstant c ≥ 1 suh that
1
cf ≤ g ≤ cf . For every x0 in X, if Γ is onvex-oompat and non elementary, with
ritial exponent δΓ, then
Card(B(x0, n) ∩ Γx0) ≍ eδΓn
(see for instane [Rob℄, where others, muh more general, assumptions on Γ are given for
this property to hold. This is the ase for example when the Bowen-Margulis measure µ
BM
of Γ is nite (and the length spetrum is non arithmeti), see [Rob, page 56℄).
Lemma 2.5 Let Γ0 be a onvex-oompat subgroup with innite index in a disrete group
of isometries Γ of X. Let δ0 and δ be the ritial exponents of Γ0 and Γ respetively. Then
δ0 < δ.
Proof. This is well-known (see for instane [Fur℄ in a speial ase). 
Reall that the virtual normalizer NΓ0 of a onvex-oompat subgroup Γ0 of Γ is the
stabilizer in Γ of the limit set ΛΓ0. It ontains the normalizer of Γ0 in Γ, and it ontains
Γ0 with nite index (see for instane [KS, Arz℄).
Reall that a subgroup H of a group G is malnormal if, for every g in G−H, we have
gHg−1∩H = {1}. We will say that a subgroup H of a group G is almost malnormal if, for
every g in G−H, the subgroup gHg−1 ∩H is nite. Note that malnormal implies almost
malnormal, and that the onverse is true if the ambient group is torsion free.
The following result is folklore, we provide a proof beause we ouldn't nd a preise
referene.
Proposition 2.6 Let Γ0 be a onvex-oompat subgroup of a disrete group Γ of isome-
tries of X, then the following assertions are equivalent.
(1) Γ0 is almost malnormal in Γ;
(2) the limit set of Γ0 is preisely invariant, i.e. for every γ ∈ Γ−Γ0, the set ΛΓ0∩γΛΓ0
is empty;
(3) CΓ0 ∩ γCΓ0 is ompat for every γ ∈ Γ− Γ0;
(4) for every ǫ > 0, there exists κ = κ(ǫ) > 0 suh that diam
(NǫCΓ0 ∩ γNǫCΓ0) ≤ κ for
every γ ∈ Γ− Γ0.
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The onvex hull in X of the limit set of a onvex-oompat subgroup is non om-
pat. Hene an almost malnormal onvex-oompat subgroup of Γ is equal to its virtual
normalizer, by (3).
Proof. As ∂∞CΓ0 = ΛΓ0, it is lear that (4) implies (3), whih implies (2), whih implies
(1).
Let us prove that (1) implies (4). Let C0 = CΓ0 and ǫ > 0. Assume by absurd that for
every n in N, there exists γn in Γ− Γ0 and xn, yn in NǫC0 ∩ γnNǫC0 with d(xn, yn) ≥ n.
As Γ0\NǫC0 is ompat and the ation of Γ0 is isometri, there exists R > 0 suh that
Γ0B(x,R) ontains NǫC0 for every x in NǫC0. As γn is an isometry, we also have that
γnΓ0γ
−1
n B(y,R) ontains γnNǫC0, for every y in γnNǫC0. Up to onjugating γn by an
element of Γ0, we may assume that xn stays in a ompat subset K of X, and we dene
K ′ = NRK, whih is ompat. As Γ is disrete, the number N of elements γ in Γ, suh
that γK ′ ∩ K ′ is non empty, is nite. As Γ0 is onvex-oompat, the upper bound of
the ardinals of the nite subgroups of Γ0 is nite. Hene, as Γ0 is almost malnormal,
there exists N ′ ∈ N suh that for every γ in Γ − Γ0, the ardinal of γΓ0γ−1 ∩ Γ0 is at
most N ′ − 2. Take n in N with n > NN ′ diam K ′. Subdivide the segment between
xn and yn in points u0 = xn, u1, . . . , uNN ′ = yn, suh that d(uk, uk+1) > diam K
′
for
0 ≤ k ≤ NN ′ − 1. As K ′ ontains B(xn, R) and xn, yn belong to the onvex subset
NǫC0 ∩ γnNǫC0, for 0 ≤ k ≤ NN ′, there exist αk, βk in Γ0 suh that uk ∈ αkK ′ and
uk ∈ γnβkγ−1n K ′. Note that αk 6= αj if k 6= j, as d(uk, uj) > diam K ′. By the denition
of N , there exists (kj)1≤j≤N ′ with α−1kj γnβkjγ
−1
n = α
−1
k1
γnβk1γ
−1
n for 1 ≤ j ≤ N ′. Hene
γnβkjβ
−1
k1
γ−1n = αkjα
−1
k1
, for 2 ≤ j ≤ N ′, whih ontradits the fat that the ardinal of
γnΓ0γ
−1
n ∩ Γ0 is at most N ′ − 2. 
Remark. The fat that the rst two assertions are equivalent follows also from the well-
known equality
ΛΓ0 ∩ γΛΓ0 = Λ(Γ0 ∩ γΓ0γ−1) ,
see for instane [SS, Coro. 3℄ for a proof in a speial ase.
3 A geometri avatar of the Borel-Cantelli lemma
The main tehnial tool of this paper is the following result, whih is a suitable enhanement
of the Borel-Cantelli Lemma.
Theorem 3.1 Let (Z, µ) be a measured spae with µ(Z) nite, and (Bi(ǫ))i∈I, ǫ∈ ] 0,+∞[ a
family of measurable subsets in Z, non-dereasing in ǫ (for the inlusion), endowed with
a map i 7→ ni from I to N suh that In = {i ∈ I : ni = n} is nite for every n. Let
f1, f2, f3, f4 be maps from N to ] 0,+∞[ and f5 a map from ] 0,+∞[ to itself. Let E be the
(measurable) set of points in Z belonging to innitely many subsets Bi(f3(ni)) for i in I.
[A] Assume that f3 ≤ f2 and that there exists c ≥ 1 suh that, for every n in N, i in I
and ǫ ∈ ] 0, f2(ni)], one has Card In ≤ cf1(n) and µ(Bi(ǫ)) ≤ cf4(ni)f5(ǫ). If the series∑∞
n=0 f1(n)f4(n)f5(f3(n)) onverges, then µ(E) = 0.
[B] Assume that there exists c ≥ 1 suh that
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(1) f3 ≤ f2,
(2)
1
f5◦f2 ≤ f4f1,
(3) there exists c′, c′′ > 1 suh that for every ǫ, ǫ′ > 0, if ǫ′ ≤ c′ǫ, then f5(ǫ′) ≤ c′′f5(ǫ),
(4) for every n in N, one has 1cf1(n) ≤ Card In ≤ cf1(n),
(5) for every i in I and ǫ ∈ ] 0, f2(ni)], we have 1cf4(ni)f5(ǫ) ≤ µ(Bi(ǫ)) ≤ cf4(ni)f5(ǫ),
(6) for every n in N, the subsets Bi(f2(n)) for i in In are pairwise disjoint,
(7) for every i, j in I with ni < nj, if the intersetion of Bj(f3(nj)) and Bi(f3(ni)) is
non empty, then Bj(f2(nj)) is ontained in Bi(cf3(ni)).
If the series
∑∞
n=0 f1(n)f4(n)f5(f3(n)) diverges, then µ(E) > 0.
Note that (exept for the onvergene of the series) every hypothesis of Case [A℄ is part
of an hypothesis (1)-(5) of Case [B℄. Hene when heking the hypotheses when we want
to apply both ases of this theorem, we will only hek the ones of Case [B℄.
Proof. For i in I and n in N, let Bi = Bi(f3(ni)) and An =
⋃
i∈In Bi, so that E =⋂
n∈N
⋃
k≥nAk.
Under the assumptions of [A℄, by the subadditivity of µ, we have the inequality
µ(An) ≤ c2f1(n)f4(n)f5(f3(n)). Therefore the end of the proof is standard: If the series∑∞
n=0 f1(n)f4(n)f5(f3(n)) onverges, then the sequene uk =
∑∞
n=k f1(n)f4(n)f5(f3(n))
tends to 0, therefore
µ(E) = lim
n→∞µ
( ∞⋃
k=n
Ak
)
≤ lim
n→∞ c
2un = 0 .
Assume now that the assumptions of [B℄ hold. We rst laim that
f1(n)f4(n)f5(f3(n)) ≤ c2µ(An) . (∗)
Indeed, the balls Bi for i in In are pairwise disjoint by (1) and (6), sine the subsets Bi(r)
are non-dereasing in r. By the additivity of µ, by the lower bounds in (4) and (5), the
inequality (*) hene follows.
In partiular,
∑
µ(An) diverges if
∑
f1(n)f4(n)f5(f3(n)) diverges.
Now, let n,m be in N with n < m. By the properties (6) and (7), for every i in In, we
have
µ (Bi(cf3(ni))) ≥ Card{j ∈ Im : Bj ∩Bi 6= ∅} min
j∈Im
µ (Bj(f2(m))) .
Hene by (5)
Card{j ∈ Im : Bj ∩Bi 6= ∅} ≤ cf4(n)f5(cf3(n))1
cf4(m)f5(f2(m))
. (∗∗)
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Therefore
µ(An ∩Am) ≤
∑
i∈In
∑
j∈Im , Bj∩Bi 6=∅ µ(Bj)
≤ cf1(n)× cf4(n)f5(cf3(n))1
c
f4(m)f5(f2(m))
× cf4(m)f5(f3(m))
≤ c4(c′′)
log c
log c′
+1
f1(n)f4(n)f5(f3(n))f1(m)f4(m)f5(f3(m))
≤ c8(c′′)
log c
log c′
+1
µ(An)µ(Am) .
The seond inequality follows from (4), (**) and (5), the third inequality follows from (2)
and an iterated appliation of (3), and the last one from (*).
The following Borel-Cantelli Lemma is well-known (see for instane [Spr℄).
Theorem 3.2 Let (Z, ν) be a probability spae. Let (An)n∈N be a sequene of measurable
subsets of Z suh that there exists a onstant c > 0 with ν(An ∩Am) ≤ cν(An)ν(Am) for
every distint integers n,m. Let A∞ =
⋂
n∈N
⋃
k≥nAk. Then ν(A∞) > 0 if and only if∞∑
n=0
ν(An) diverges. 
The result then follows. 
4 Spiraling geodesis
Let X be a proper CAT(−1) geodesi metri spae. Let Γ be a non elementary disrete
group of isometries of X, with nite ritial exponent δ. Let Γ0 be an almost malnormal
onvex-oompat subgroup of innite index in Γ with ritial exponent δ0, and let C0 =
CΓ0. Let πC0 : X ∪ ∂∞X → C0 ∪ ∂∞C0 be the losest point map. By Lemma 2.5, the
number δ0 belongs to [0, δ[. Moreover, it follows from Setion 2 that C0 is non ompat
and that Γ0 is the stabilizer in Γ of C0.
Examples.
(1) Let γ0 be an hyperboli element of Γ, let C0 be its translation axis and let Γ0 be the
stabilizer of C0 (whih is virtually innite yli, and innite yli when Γ is torsion free).
Sine Γ is non elementary, the subgroup Γ0 has innite index. Furthermore, if γ ∈ Γ and
γΓ0γ
−1 ∩ Γ0 is innite, then γ onjugates some hyperboli element of Γ0 to another one.
The image by an element γ in Γ of the translation axis of an hyperboli element α of Γ is
the translation axis of γαγ−1. Hene γ preserves C0, therefore belongs to Γ0. Therefore
Γ0 is an almost malnormal onvex-oompat subgroup of innite index in Γ with ritial
exponent δ0 = 0.
(2) Let M be a omplete Riemannian manifold with dimension n ≥ 2 and setional
urvature at most −1, and π : X →M be a universal Riemannian overing, with overing
group Γ. Let M0 be a ompat onneted embedded totally geodesi submanifold in M of
dimension k with 1 ≤ k ≤ n − 1, let C0 be a onneted omponent of the premimage of
M0 in X, and let Γ0 be the stabilizer of C0 in Γ (with good hoies of base points, Γ an
be identied with the fundamental group of M , and Γ0 with the image in the fundamental
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group of M of the fundamental group of M0). Then Γ0 is an almost malnormal (for
instane by Proposition 2.6 (3)) onvex-oompat subgroup of innite index in Γ. If M
has onstant setional urvature −1, then δ = n− 1 and δ0 = k − 1.
(3) Let X = H3
R
be the real hyperboli spae of dimension 3, and Γ be a Kleinian
group. If Γ0 is a preisely invariant quasi-fushian subgroup, without paraboli elements,
of innite index in Γ, then Γ0 is an almost malnormal (by Proposition 2.6 (2)) onvex-
oompat subgroup of innite index in Γ.
After these examples, let us proeed. Denote by R0 the set of double osets
R0 = Γ0\(Γ− Γ0)/Γ0 .
For every r = [γ] in R0, dene
D(r) = d(C0, γC0) ∈ [0,+∞[ ,
whih does not depend on the representative γ of r. The next result says that the subset
{D(r) : r ∈ R0} of [0,+∞[ is disrete, with nite multipliities.
Lemma 4.1 For every c ≥ 0, the set of elements r in R0 suh that D(r) ≤ c is nite.
Proof. For every c ≥ 0, assume that there exists a sequene of pairwise distint elements
([γi])i∈N in R0 suh that D([γi]) ≤ c for every i. Fix x∗ in C0, and let D be the diameter of
Γ0\C0. For every i in N, let xi in C0 and yi in γiC0 be any points suh that d(xi, yi) ≤ c+1.
Up to replaing γi by another representative of [γi], we may assume that d(xi, x∗) ≤ D
and d(yi, γix∗) ≤ D. Hene d(x∗, γix∗) ≤ 2D + c + 1 for every i, whih ontradits the
disreteness of Γ. 
Proposition 4.2 Assume that Card Γx ∩ B(x, n) ≍ eδn for some (hene every) x in X.
Then there exists N in N− {0} suh that
Card {r ∈ R0 : n ≤ D(r) < n+N} ≍ eδn .
Proof. As δ0 < δ, the proof is the same as the proof of [HP4, Theo. 3.4℄, up to replaing
the horoball HB0 by C0. 
Dene X0 = Γ0\X, and ∂∞X0 = Γ0\(∂∞X−ΛΓ0). Sine Γ0\C0 is ompat, and sine
the losest point map is a ontinuous Γ0-equivariant map from ∂∞X − ΛΓ0 to C0, the
spae ∂∞X0 is ompat. The distane-like map dC0 on ∂∞X − ΛΓ0 is invariant under Γ0,
and we denote by d0 the quotient distane-like map on ∂∞X0, i.e.
d0(x, y) = inf
x∈x, y∈y
dC0(x, y) .
Let r = [γ] be an element in R0. Dene Λr (whih does not depend on the representative
γ of r) as the image of γΛΓ0 by the anonial projetion ∂∞X − ΛΓ0 → ∂∞X0. By
Proposition 2.6 (2), it follows that (Λr)r∈R0 is a family of pairwise disjoint ompat subsets
of ∂∞X0. For every ǫ > 0, dene Nr(ǫ) as the ǫ-neigbourhood of Λr in ∂∞X0 for the
distane-like map d0. Note that Nr(ǫ) ⊂ Nr(ǫ′) if ǫ < ǫ′.
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Let (µx)x∈X be a onformal density of dimension δ for Γ. Fix a base point x0 in C0.
Dene
µ˜Γ0x0 =
∑
α∈Γ0
µαx0 .
Lemma 4.3 The map µ˜Γ0x0 is a loally nite Borel measure on ∂∞X − ΛΓ0, whih is
invariant under Γ0, and absolutely ontinuous with respet to the restrition to ∂∞X−ΛΓ0
of µx for every x in X.
We denote by µΓ0x0 the nite Borel measure on the ompat quotient ∂∞X0 of ∂∞X−
ΛΓ0 dened by µ˜Γ0x0 .
Proof. Denote by s 7→ Px0,Γ0(s) =
∑
α∈Γ0 e
−sd(αx0,x0)
the Poinaré series of Γ0 with
base point x0.
Let ξ be in ∂∞X −ΛΓ0 and α be in Γ0. The point αx0
belongs to C0. Hene the horosphere entered at ξ passing
through πC0(ξ) meets the geodesi ray from αx0 to ξ in a
point u. As C0 is onvex and πC0(ξ) is the losed point in
C0 to ξ, by an easy CAT(−1) omparison argument, the
distane d(u, πC0(ξ)) is at most 1 (and even log
3+
√
5
2 ). By
the triangle inequality,
u
αx0
πC0(ξ)
C0
ξ
βξ(αx0, πC0(ξ)) = d(αx0, u) ≥ d(αx0, πC0(ξ))− d(u, πC0(ξ)) .
Therefore
βξ(αx0, x0) = βξ(αx0, πC0(ξ))− βξ(x0, πC0(ξ)) ≥ d(αx0, πC0(ξ))− 1− d(x0, πC0(ξ))
≥ d(αx0, x0)− 1− 2d(x0, πC0(ξ)) ,
where the last inequation is again obtained by the triangle inequality. Hene∑
α∈Γ0
dµαx0
dµx0
(ξ) =
∑
α∈Γ0
e−δβξ(αx0,x0) ≤ e1+2d(x0,πC0(ξ)) Px0,Γ0(δ) .
The right hand side, as δ > δ0, is a positive ontinous map of ξ ∈ ∂∞X − ΛΓ0. Hene
µ˜Γ0x0 is a loally nite Borel measure on ∂∞X − ΛΓ0. It is learly invariant under Γ0 by
onstrution and the equivariane property of (µx)x∈X . As βξ(αx0, x0) ≤ d(αx0, x0), we
have, for every ξ in ∂∞X − ΛΓ0,
Px0,Γ0(δ) ≤
dµ˜Γ0x0
dµx0
(ξ) ≤ e1+2d(x0,πC0(ξ)) Px0,Γ0(δ) , (- 3 -)
hene µ˜Γ0x0 and µx0 have the same measure lass on ∂∞X − ΛΓ0. 
Theorem 4.4 There exist onstants c, c′ > 0 suh that, for every r in R0 and ǫ in
] 0, c′e−D(r)],
1
c
e−δ0D(r)ǫδ−δ0 ≤ µΓ0x0(Nr(ǫ)) ≤ c e−δ0D(r)ǫδ−δ0 .
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Proof. For every double oset r in R0, hoose a representative γr of r suh that
d(x0, γrx0) = min
α,α′∈Γ0
d(x0, αγrα
′x0) .
Denote by Nǫ′,d′(A) the (losed) ǫ′-neighbourhood of a subset A for a distane or a
distane-like map d′. The subset Nǫ,dC0 (γrΛΓ0) of ∂∞X is ompat. By Lemma 2.3, it
is ontained in ∂∞X − ∂∞C0, and its diameter for the distane-like map dC0 tends to 0
as D(r) tends to +∞ and ǫ tends to 0. Reall that Γ0 ats isometrially and properly on
∂∞X − ∂∞C0 for the distane-like map dC0 . Hene there exists N ′ ∈ N and c′1 > 0 suh
that for every ǫ in ]0, c′1], for every r in R0, we have
Card{α ∈ Γ0 : α Nǫ,dC0 (γrΛΓ0) ∩Nǫ,dC0 (γrΛΓ0) 6= ∅} ≤ N
′ .
By the onstrution of µΓ0x0 , we have, for every r in R0 and ǫ in ]0, c
′
1],
1
N ′
µ˜Γ0x0(Nǫ,dC0 (γrΛΓ0)) ≤ µΓ0x0(Nr(ǫ)) ≤ µ˜Γ0x0(Nǫ,dC0 (γrΛΓ0)) . (- 4 -)
As Γ0\C0 is ompat and by the denition of the representatives γr, there exists c′2 > 0
suh that, for every r in R0, for every x ∈ γr(C0 ∪ ∂∞C0), the losest point to x on C0 is
at distane at most c′2 from x0 (see also [HP4, Lem. 3.5℄).
Hene, there exists a ompat subset K of ∂∞X − ∂∞C0 whih ontains γrΛΓ0 for
every r in R0. By Lemma 2.3 (2), there exists a ompat subset K
′
of ∂∞X−∂∞C0 whih
ontains Nǫ,dC0(γrΛΓ0) for every ǫ in ]0, c′1] and every r in R0. Hene by Lemma 2.3 (1),
there exist two onstants c±3 > 0 suh that for every r in R0 and ǫ ∈ ]0, c′1],
Nc−3 ǫ,dx0 (γrΛΓ0) ⊂ Nǫ,dC0 (γrΛΓ0) ⊂ Nc+3 ǫ,dx0 (γrΛΓ0) . (- 5 -)
AsK ′ and ∂∞C0 are ompat and disjoint, if c′1 is small enough, then there exists a om-
pat subset K ′′ of ∂∞X − ∂∞C0 ontaining Nc+3 ǫ,dx0 (γrΛΓ0) (and hene Nc−3 ǫ,dx0 (γrΛΓ0))
for every r in R0 and ǫ in ]0, c
′
1]. By the ontinuity of πC0 , there exists a onstant c
′
4 > 0
suh that for every r in R0 and ǫ in ]0, c
′
1], the subset πC0(Nc±3 ǫ,dC0 (γrΛΓ0)) is ontained
in the ball of enter x0 and radius c
′
4.
By the denition of the representatives γr, for every r in R0, for every ξ ∈ γr∂∞C0, the
point γrx0 is at distane at most a onstant from the geodesi between x0 and ξ (see also
[HP4, Lem. 3.5℄). Reall that for every η, η′ in ∂∞X, if dx0(η, η′) ≤ ǫ′, then the geodesi
rays [x0, η[ and [x0, η
′[ remain at distane bounded by a universal onstant at least during
a time − log ǫ′. Hene, if c′ ≤ c′1 is small enough and ǫ ≤ c′e−D(r), then every geodesi ray
from x0 to a point ξ in Nc±3 ǫ,dx0 (γrΛΓ0) passes at distane less than a onstant from γrx0.
This has two onsequenes.
• First, using the hange of base point formula for the visual distanes, there exist two
onstants c±5 > 0 suh that for every ǫ ≤ c′ e−D(r),
Nc+3 ǫ,dx0 (γrΛΓ0) ⊂ Nc+5 eD(r)ǫ,dγrx0 (γrΛΓ0) and Nc−5 eD(r)ǫ,dγrx0 (γrΛΓ0) ⊂ Nc−3 ǫ,dx0 (γrΛΓ0) .
(- 6 -)
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• Seond, for every ξ in Nc±3 ǫ,dx0 (γrΛΓ0), the number |βξ(x0, γrx0) − d(x0, γrx0)| is
bounded by a onstant. Hene there exist onstants c±6 > 0 suh that for every r in R0
and for every ξ in Nc±3 ǫ,dx0 (γrΛΓ0),
c−6 e
−δD(r) ≤ dµx0
dµγrx0
(ξ) ≤ c+6 e−δD(r) . (- 7 -)
By the Radon-Nykodim derivative estimates in Equation (- 3 -) and the denition of c′4,
there exist onstants c±7 > 0 suh that for every ǫ in ]0, c
′
1], every r in R0, and every ξ in
Nc±3 ǫ,dx0 (γrΛΓ0),
c−7 ≤
dµ˜Γ0x0
dµx0
(ξ) ≤ c+7 . (- 8 -)
By Sullivan's shadow lemma (see for instane [Rob, Lem. 1.3℄), for every onstant
c′8 > 0 big enough, there exist onstants c
±
9 > 0 suh that, for every γ in Γ,
c−9 e
−δd(x0,γx0) ≤ µx0(x0B(γx0, c′8)) ≤ c+9 e−δd(x0,γx0) . (- 9 -)
For every t ≥ 0, dene Γ0[t] = {α ∈ Γ0 : d(x0, αx0) ≤ t}. For every ǫ′ ∈ ] 0, 1] and
κ > 0, dene
A+ǫ′,κ = Γ0[− log ǫ′ + κ]− Γ0[− log ǫ′ − κ] and A−ǫ′,κ = Γ0[− log ǫ′ + 2κ] − Γ0[− log ǫ′ + κ] .
Let ǫ′ ∈ ] 0, 1], η ∈ ∂∞X and η′ ∈ ΛΓ0 be suh that dx0(η, η′) ≤ ǫ′. Let u be the point
of [x0, η[ at distane − log ǫ′ from x0. By the denition of dx0 and the properties of the
geodesi rays in a CAT(−1) metri spae, there exists a universal onstant c′′8 suh that
η′ belongs to x0B(u, c′′8). Let c
+
10 > 0 be at least the (nite) diameter of Γ0\C0. Sine
∂∞C0 = ΛΓ0 and by onvexity, the geodesi ray [x0, η[ is ontained in C0. Hene there
exists α in Γ0 suh that d(u, αx0) ≤ c+10. Let c′8 be big enough (at least c′′8 + c+10 and
suh that Equation (- 9 -) holds). Then, by the triangle inequality, B(u, c′′8) is ontained in
B(αx0, c
′
8). Note that − log ǫ′ − c+10 ≤ d(x0, αx0) ≤ − log ǫ′ + c+10. Therefore, for every ǫ′
in ]0, 1], we have
Nǫ′,dx0 (ΛΓ0) ⊂
⋃
α∈A+
ǫ′,c
+
10
x0B(αx0, c
′
8) . (- 10 -)
As Γ0 is onvex-oompat, there exists a onstant c
′′′
8 > 0 suh that for every α in Γ0,
the segment [x0, αx0] is at distane at most c
′′′
8 from a geodesi ray starting from x0 and
ontained in C0. Assume that c
−
10 > 0 is at least c
′′′
8 + c
′
8. Let ǫ
′ ∈ ] 0, 1], α ∈ A−
ǫ′,c−10
and η′ ∈ x0B(αx0, c′8). Let v be a point on [x0, η′[ at distane at most c′8 from αx0. Let
η ∈ ∂∞C0 and u ∈ [x0, η[ be suh that d(u, αx0) ≤ c′′′8 , whih exist by the denition of c′′′8 .
Then by the denition of dx0 and the triangle inequality, we have
dx0(η, η
′) ≤ e 12 (d(u,v)−d(x0 ,u)−d(x0,v)) ≤ ec′8+c′′′8 −d(x0,αx0) ≤ ǫ′ ,
sine α ∈ A−
ǫ′,c−10
. Therefore, for every ǫ′ in ]0, 1], we have⋃
α∈A−
ǫ′,c
−
10
x0B(αx0, c
′
8) ⊂ Nǫ′,dx0 (ΛΓ0) .
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If c+10 and then c
−
10 are big enough, as Γ0 is onvex-oompat (by for instane [Rob℄ if
Γ0 is non elementary, and even if δ0 = 0, sine then, by the assumptions, Γ0 ontains an
hyperboli element generating a nite index (innite yli) subgroup), note that there
exist onstants c±11 > 0 suh that for every ǫ
′
in ]0, 1], we have
Card A−
ǫ′,c−10
≥ c−11 (ǫ′)−δ0 and Card A+ǫ′,c+10 ≤ c
+
11 (ǫ
′)−δ0 . (- 11 -)
Let A∗ǫ′ be a maximal subset of A
−
ǫ′,c−10
suh that the shadows x0B(αx0, c
′
8) for α in A
∗
ǫ′
are pairwise disjoint. By maximality, for every α in A−
ǫ′,c−10
, there exists α′ in A∗ǫ′ suh that
αx0 and α
′x0 are at bounded distane. Hene there exists a onstant c′12 > 0 suh that
Card A∗ǫ′ ≥ c′12 Card A−ǫ′,c−10 .
Let us now prove the upper bound in Theorem 4.4. Let r in R0 and ǫ in ] 0, c
′ e−D(r)].
Note that if c′ > 0 is small enough, then ǫ ≤ c′1 and c±5 eD(r)ǫ ≤ c±5 c′ ≤ 1. We have
µΓ0x0(Nr(ǫ)) ≤ µ˜Γ0x0(Nǫ,dC0 (γrΛΓ0)) ≤ µ˜Γ0x0(Nc+3 ǫ,dx0 (γrΛΓ0)) by (- 4 -) and (- 5 -)
≤ c+7 µx0(Nc+3 ǫ,dx0 (γrΛΓ0)) by (- 8 -)
≤ c+7 c+6 e−δD(r)µγrx0(Nc+5 eD(r)ǫ,dγrx0 (γrΛΓ0)) by (- 7 -) and (- 6 -)
= c+7 c
+
6 e
−δD(r)µx0(Nc+5 eD(r)ǫ,dx0 (ΛΓ0)) by invariance
≤ c+7 c+6 e−δD(r)
∑
α∈A+
c
+
5
eD(r)ǫ,c+
10
µx0(x0B(αx0, c
′
8)) by (- 10 -)
≤ c+7 c+6 e−δD(r)c+9 e−δ(− log(c
+
5 e
D(r)ǫ)−c+10)c+11(c
+
5 e
D(r)ǫ)−δ0 by (- 9 -) and (- 11 -)
= c+13 e
−δ0D(r)ǫδ−δ0 ,
for some onstant c+13 > 0, whih proves the upper bound.
Similarly for the lower bound,
µΓ0x0(Nr(ǫ)) ≥
1
N ′
µ˜Γ0x0(Nǫ,dC0 (γrΛΓ0)) ≥
1
N ′
µ˜Γ0x0(Nc−3 ǫ,dx0 (γrΛΓ0))
≥ c
−
7 c
−
6
N ′
e−δD(r)µx0(Nc−5 eD(r)ǫ,dx0 (ΛΓ0))
≥ c
−
7 c
−
6
N ′
e−δD(r)µx0
( ⋃
α∈A∗
c
−
5
eD(r)ǫ
x0B(αx0, c
′
8)
)
=
c−7 c
−
6
N ′
e−δD(r)
∑
α∈A∗
c
−
5
eD(r)ǫ
µx0(x0B(αx0, c
′
8))
≥ c
−
7 c
−
6
N ′
e−δD(r) c−9 e
−δ(− log(c−5 eD(r)ǫ)+2c−10) c′12 c
−
11(c
−
5 e
D(r)ǫ)−δ0
= c−13 e
−δ0D(r)ǫδ−δ0 ,
for some onstant c−13 > 0, whih proves the result. 
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Lemma 4.5 For every N ∈ N − {0}, there exists c′′ > 0 suh that for every n in N, for
every distint r and r′ in R0 suh that D(r) and D(r′) belong to [nN, (n+1)N [ , the subsets
Nr(c′′ e−nN ) and Nr′(c′′ e−nN ) are disjoint.
Proof. Let N ∈ N − {0}, and c′′ ≤ 1 be small enough, to be determined during the
proof. Assume by absurd that there exists n in N, distint r and r′ in R0 suh that
D(r),D(r′) ∈ [nN, (n + 1)N [ , and that the subsets Nr(c′′ e−nN ) and Nr′(c′′ e−nN ) have
non empty intersetion. Then, there exist representatives γ, γ′ of the double osets r, r′
and points ξ, ξ′ in γΛΓ0, γ′ΛΓ0 respetively, and an element η in ∂∞X − ∂∞C0 whih is
dierent from ξ, ξ′, suh that dC0(ξ, η) and dC0(ξ′, η) are at most c′′ e−nN , and in partiular
at most c”.
Sine there are only nitely many r's with D(r) less than a onstant, and sine the
subsets γΛΓ0 for γ in (Γ − Γ0)/Γ0 are pairwise disjoint (by Proposition 2.6 (2)) losed
subsets, we may assume that D(r) and D(r′) are bigger than any given onstant c′′1 > 0.
In partiular, D(r) and D(r′) are positive.
By Lemma 2.3 (4), there exists a universal onstant c′′2 ≥ 1 suh that if dC0(η′, η′′) ≤
1/c′′2 , then the geodesi line between η′ and η′′ is disjoint from C0, and the length of the
ommon perpendiular segment between ]η′, η′′[ and C0 is at most − log dC0(η′, η′′) + c′′2
and at least − log dC0(η′, η′′)− c′′2 . Assume that c′′ ≤ 1/c′′2 .
Let pξ, pξ′ , pη be the losest point on C0 to
ξ, ξ′, η respetively. Let [x, y] (resp. [x′, y′];
[xξ, yξ]; [xξ′ , yξ′ ]) be the ommon perpen-
diular between C0 and γC0 (resp. C0 and
γ′C0; C0 and ]ξ, η[; C0 and ]ξ′, η[), with
x, x′, xξ, xξ′ in C0. Let z, z′ be the los-
est point to y, y′ on [pξ, ξ[, [pξ′ , ξ′[ respe-
tively. Let v, u, v′, u′ be the losest points to
yξ, yξ, yξ′ , yξ′ on [pξ, ξ[, [pη , η[, [pξ′ , ξ
′[, [pη , η[
respetively (see the piture on the right).
Let zξ, vγ , wγ′ be the losest point to z, v, u
on [xξ, yξ], γC0, γ
′C0 respetively. We have
d(x, y) = D(r), d(x′, y′) = D(r′).
C0
y
v′
yξ
x′
xξ′xξ
y′
z z′
u′
u
yξ′
ηξ ξ′
zξ
vγ v
pξ pη pξ′
x
γC0 γ
′C0
Assume that c′′ ≤ e−c′′1−c′′2 , so that d(xξ , yξ), d(xξ′ , yξ′) are at least − log(c′′)− c′′2 ≥ c′′1.
By the onvexity of C0 and quasi-geodesi arguments, if c
′′
1 is bigger than some universal
onstant, then there exists a universal onstant c′′3 suh that the distanes d(z, y), d(x, pξ),
d(z′, y′), d(x′, pξ′), d(v, yξ), d(u, yξ), d(v′, yξ′), d(u′, yξ′), d(pξ , xξ), d(pη , xξ), d(pη, xξ′),
d(pξ′ , xξ′) are at most c
′′
3 . Hene
d(z, v) ≥ d(z, yξ)− d(yξ, v) ≥ d(zξ, yξ)− c′′3 ≥ d(yξ, xξ)− d(xξ , zξ)− c′′3
≥ (− log(c′′e−nN )− c′′2)− (d(x, y) + 2c′′3)− c′′3
≥ − log c′′ + nN − c′′2 −N(n+ 1)− 3 c′′3 = − log c′′ −N − c′′2 − 3c′′3 .
In partiular, if c′′ is small, then the points pξ, z, v are in this order on [pξ, ξ[. So that
by onvexity d(y, vγ) ≥ d(z, v) − c′′3 ≥ − log c′′ −N − c′′2 − 4c′′3 , whih is big if c′′ is small.
Similarly, pξ′ , z
′, v′ are in this order on [pξ′ , ξ′[.
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Up to permuting ξ, ξ′, we may assume that pη, u, u′, η are in this order on the geodesi
ray [pη, η[. By onvexity properties of the distane, d(u,wγ′) ≤ 3c′′3 . Hene as above, there
exists a onstant c′′4 > 0 suh that d(y
′, wγ′) ≥ − log c′′ − c′′4 .
Consider the geodesi hexagon with verties x, y, vγ , wγ′ , y
′, x′. We have d(x, x′) ≤ 6c′′3 ,
d(vγ , wγ′) ≤ 6c′′3 , and [x, y] (resp. [x′, y′]) is the shortest segment between points of [x, x′]
and [y, vγ ] (resp. [y
′, wγ′ ]). Furthermore d(x, y), d(x′, y′) may be assumed to be bigger than
any onstant and dier by at most a onstant (that is by N), and d(y, vγ), d(y
′, wγ′) are
bigger than − log c′′ minus a onstant. For instane by using tehniques of approximation
by trees (see for example [GH, page 33℄) on the above hexagon, the geodesi segments
[y, vγ ] and [y
′, wγ′ ], ontained respetively in γC0 and γ′C0, are arbitrarily long if c′′ is small
enough; moreover their rst endpoints and last endpoints are at bounded distane. Let
ǫ = 1 and κ(ǫ) be given by Proposition 2.6 (4). Hene by hyperboliity, the ǫ-neighborhoods
of γC0 and γ
′C0 meet in a segment of length that an be made bigger than κ(ǫ) if c′′ is
small enough. This is a ontradition to Proposition 2.6 (4). 
A map ψ : [0,+∞[→ ]0,+∞[ is alled slowly varying (see [Sul℄) if it is measurable and
if there exist onstants B > 0 and A ≥ 1 suh that for every x, y in R+, if |x−y| ≤ B, then
ψ(y) ≤ Aψ(x). Reall (see for instane [HP4, Se. 5℄) that this implies that ψ is loally
bounded, hene it is loally integrable; also, if logψ is Lipshitz, then ψ is slowly varying;
and for every N ∈ N−{0} and ǫ > 0, the series ∑∞n=0 ψ(Nn)ǫ onverges if and only if the
integral
∫∞
0 ψ(t)
ǫdt onverges.
The following statement is the main tehnial step towards our Khinthine-type theo-
rem for the spiraling of geodesi rays in Γ\X around Γ0\C0. It gives a 0-1 measure result
for the approximation of points in the limit set of Γ by points of the orbit under Γ of the
limit set of Γ0.
Theorem 4.6 Let X,Γ,Γ0, δ, δ0, (µx)x∈X be as above. Assume furthermore, for some
(hene any) x in X, that µx is ergodi for the ation of Γ, and that Card Γx∩B(x, n) ≍ eδn.
Let f : [0,+∞[→ ]0,+∞[ be a slowly varying map.
If
∫ +∞
1 f(t)
δ−δ0 dt onverges (resp. diverges), then µΓ0x0-almost no (resp. every) point
of ∂∞X0 belongs to innitely many Nr
(
f(D(r))e−D(r)
)
where r ∈ R0.
Remark. In addition to the hypotheses on X in this theorem, assume in this remark
that X is a Riemannian manifold with onstant setional urvature −1, that Γ is onvex-
oompat and that Γ0 is the stabilizer of a geodesi line. Then up to some rewriting,
this result is already known, see for instane [DMPV℄ or the reent [BV℄. But even in this
partiular ase, our tehniques are very dierent from the ones of [DMPV, BV℄.
Proof. By a similar redution as in [HP4, Lem. 5.2℄, we may assume that f ≤ 1. Dene
g = − log f : [0,+∞[ → [0,+∞[.
We apply Theorem 3.1 with Z = ∂∞X0, µ = µΓ0x0 , I = R0, and, for every r in R0,
n ∈ N and ǫ > 0, with Br(ǫ) = Nr(ǫ), In = {r ∈ R0 : Nn ≤ D(r) < N(n + 1)} where N
is as in Proposition 4.2, and nr = E[
D(r)
N ] where E denotes the integer part. Dene, for
every n in N and ǫ > 0,
f1(n) = e
δnN , f2(n) = c2 e
−nN , f3(n) = c2 e−(nN+g(nN)), f4(n) = cδ0−δ2 e
−δ0nN ,
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f5(ǫ) = ǫ
δ−δ0 ,
where c2 is a small enough positive onstant. In partiular, we assume that c2 is less than
c′e−N , where c′ is the onstant dened in Theorem 4.4, and less than the onstant c′′
dened in Lemma 4.5. Note that
f1(n)f4(n)f5(f3(n)) = e
−(δ−δ0)g(Nn) = f(Nn)δ−δ0 .
Hene, as f is slowly varying, the series
∑
n∈N f1(n)f4(n)f5(f3(n)) onverges if and only if
the integral
∫ +∞
1 f
δ−δ0
onverges.
Note that Br(ǫ) is measurable and non-dereasing in ǫ, and that In is nite by Lemma
4.1. Assumption (1) of Theorem 3.1 is satised sine g is non negative. The assumptions
(2) and (3) are easily veried. Assumption (4) follows from Proposition 4.2. Assumption
(5) follows from Theorem 4.4 and the rst assumption on c2. Assumption (6) is satised
by Lemma 4.5 and the seond assumption on c2.
Let us hek that Assumption (7) of Theorem 3.1 is also satised.
Let r, r′ ∈ R0 with n = nr < m = nr′ suh that Nr(f3(n)) and Nr′(f3(m)) meet.
Hene, there exists representatives γ, γ′ of r, r′, points ξ, ξ′ in γΛΓ0, γ′ΛΓ0 respetively,
and η ∈ ∂∞X−ΛΓ0 suh that dC0(ξ, η) ≤ f3(n) and dC0(ξ′, η) ≤ f3(m). Let us prove that
there exists a big enough onstant λ > 0 suh that Nr′(f2(m)) is ontained in Nr(λf3(n)).
Reall that there are only nitely many r's with D(r) less than a onstant. As dC0
is bounded on ∂∞X0 × ∂∞X0, the ǫ-neighbourhood for dC0 of any non-empty set overs
∂∞X0 if ǫ is big enough. Hene we may assume, if λ is big enough, that D(r) and D(r′)
are bigger than any given onstant c6 > 0. In partiular, D(r) and D(r
′) are positive.
Let pξ, pξ′ , pη, x, y, x
′, y′, xξ, yξ, xξ′ , yξ′ , z, z′, v, u, v′, u′, vγ be as in the proof of Lemma
4.5 and its piture. Let vγ′ be the losest point to v
′
on γ′C0.
As in the proof of Lemma 4.5, if c6 is bigger than a universal onstant and if c2
is small enough, then there exists a universal onstant c7 suh that the following dis-
tanes d(z, y), d(x, pξ , ), d(z
′, y′), d(x′, p′ξ), d(v, yξ), d(u, yξ), d(v
′, yξ′), d(u′, yξ′), d(pξ, xξ),
d(pη, xξ), d(pη, xξ′), d(pξ′ , xξ′), d(v, vγ), d(v
′, vγ′) are at most c7. Furthermore, pξ, z, v, ξ
are in this order on [pξ, ξ[ and pξ′ , z
′, v′, ξ′ are in this order on [pξ′ , ξ′[ , and d(y, vγ), d(y′, vγ′)
may be taken bigger than any given onstant if c2 is small enough.
Say that a point p is above q (resp. below q by at most some onstant h > 0) with
respet to C0 if d(p,C0) ≥ d(q, C0) (resp. d(q, C0) ≥ d(p,C0) ≥ d(q, C0) − h). As m > n,
the point y′ is above y or below y by at most some universal onstant. If the point y′
was below u by more than some big onstant, then, if c2 is small enough, some long
subsegment of [y′, vγ′ ] would have its endpoints at distane at most a few c7's from the
endpoints of some subsegment of [y, vγ ], and as in the end of the proof of Lemma 4.5, this
would ontradit Proposition 2.6 (4). Therefore the point y′ is either above, or below only
by a some onstant, the point u and hene yξ. So that for every λ
′′ > 0, there exists λ′ > 0
suh that the shadow (seen from pξ) of the ball of enter yξ and radius λ
′ > 0 ontains the
shadow of the ball of enter y′ and radius λ′′ > 0. Note that if λ′′ is big enough, then the
shadow of B(y′, λ′′) ontains Nr′(f2(m)), as seen in the proof of Lemma 4.5. But if λ is
big enough, then Nr(λf3(n)) ontains the shadow of B(yξ, λ′). Hene Assumption (7) of
Theorem 3.1 follows.
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Let Ef be the set of points of ∂∞X0 whih belong to innitely many
Br(f3(nr)) = Nr
(
c3 e
−NE[D(r)
N
] f
(
NE[D(r)N ]
))
for r in R0, and similarly let E
′
f be the set of points of ∂∞X0 whih belong to innitely
many Nr
(
f(D(r)) e−D(r)
)
. As f is slowly varying, there exists a onstant c8 ≥ 1 suh that
E 1
c8
f ⊂ E′f ⊂ Ec8f . Hene in order to prove Theorem 4.6, we only have to prove that if∫ +∞
1 f
δ−δ0
onverges (resp. diverges), then µΓ0x0(Ef ) = 0 (resp. µΓ0x0(
cEf ) = 0). If this
integral onverges, then the result follows from Part [A℄ of Theorem 3.1.
In the divergene ase, Part [B℄ of Theorem 3.1 implies that µΓ0x0(Ef ) > 0. Using the
ergodiity of µx in a similar way to the end of the proof of Theorem 5.1 of [HP4℄, and the
fat that µx(ΛΓ0) = 0 as δ0 < δ, it follows that Ef has full measure. 
Let us now proeed towards our main result, Theorem 4.9.
Let ǫ be a positive real number and let g : [0,+∞[ → [0,+∞[ be a map suh that
t 7→ f(t) = e−g(t) is slowly varying. A geodesi line ℓ in X will be alled (ǫ, g)-Liouville
with respet to (Γ,Γ0) if there exist a sequene (tn)n∈N of positive times onverging to +∞
and a sequene (γn)n∈N of elements of Γ suh that ℓ(t) belongs to Nǫ(γnC0) for every t in
[tn, tn+g(tn)]. The following remark implies that up to hanging g by an additive onstant
(or equivalently up to hanging f by a multipliative onstant), being (ǫ, g)-Liouville does
not depend on ǫ, and depends only on the asymptoti lass of ℓ.
Remark 4.7 (1) Note that if ǫ′ ≥ ǫ and g′ ≤ g, then a geodesi line whih is (ǫ, g)-Liouville
is (ǫ′, g′)-Liouville.
(2) Note that by the hyperboliity properties of X, for every ǫ′ in ] 0, ǫ], there exists a
onstant c(ǫ, ǫ′) ≥ 0 suh that for every onvex subset C of X and every geodesi line ℓ
in X, if the length h of the intersetion of ℓ and NǫC is at least c(ǫ, ǫ′), then the length
of the intersetion of ℓ and Nǫ′C is at least h− c(ǫ, ǫ′) (see [PP℄ for preise estimates). In
partiular, if g ≥ c(ǫ, ǫ′), then a geodesi line whih is (ǫ, g)-Liouville is (ǫ′, g − c(ǫ, ǫ′))-
Liouville.
(3) Reall that two geodesi lines ℓ, ℓ′ in X are asymptoti if d(ℓ(t), ℓ′) (or equivalently
d(ℓ′(t), ℓ)) is bounded (or equivalently tends to 0) as t tends to +∞. Note that ℓ, ℓ′ are
asymptoti if and only if their points at innity ℓ(+∞), ℓ′(+∞) are equal.
By the strit onvexity of ǫ-neighborhoods of onvex subsets of X, if ℓ is an (ǫ, g)-
Liouville geodesi line, and ℓ′ is a geodesi line whih is asymptoti to ℓ, then ℓ′ is (2ǫ, g)-
Liouville, as well as (ǫ, g − η)-Liouville for every onstant η > 0 suh that g ≥ η.
Let π0 : X ∪ (∂∞X − ∂∞C0) → X0 ∪ ∂∞X0 be the anonial projetion. The next
lemma shows the relation between the (geometri) Liouville property of a geodesi line
and the fat that its point at innity belongs to a limsup subset onsidered in Theorem
4.6.
Lemma 4.8 There exists c′′′ > 0 suh that for every geodesi line ℓ in X suh that
ℓ(+∞) /∈ ⋃γ∈Γ γ ∂∞C0,
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(1) if ℓ is (ǫ, g)-Liouville, then the point π0(ℓ(+∞)) belongs to innitely many subsets
Nr(c′′′ f(D(r)) e−D(r)) for r in R0;
(2) if π0(ℓ(+∞)) belongs to innitely many subsets Nr( 1c′′′ f(D(r)) e−D(r)) for r in R0,
then ℓ is (ǫ, g)-Liouville.
Proof. (1) Assume that ℓ is (ǫ, g)-Liouville. Up to replaing ǫ by 2ǫ and ℓ by an asymptoti
line, as ℓ(+∞) /∈ ∂∞C0 and by Remark 4.7 (3), we may assume that ℓ(0) is the losest
point in C0 to ℓ(+∞).
Let (tn)n∈N be a sequene of positive times, onverging
to +∞. Let (γn)n∈N in Γ be suh that ℓ(t) ∈ Nǫ(γnC0)
for every t ∈ [tn, tn + g(tn)]. As Γ ats properly on X,
and as its subgroup Γ0 ats oompatly on C0, the family
(γC0)γ∈(Γ−Γ0)/Γ0 is loally nite. Hene d(γnC0, C0) tends
to +∞ as n → +∞ (otherwise ℓ(+∞) would belong to
γ ∂∞C0 for some γ ∈ Γ). In partiular, up to extrating
a subsequene, γn /∈ Γ0 and with rn = [γn] ∈ R0, the rn's
are pairwise distint. Furthermore, we may assume that ℓ
enters Nǫ(γnC0) at the time tn. Let [pn, qn] be the short-
est segment between C0 and γnC0, with pn ∈ C0, so that
D(rn) = d(pn, qn). Let xn (resp. yn) be a point of γnC0 suh
that d(xn, ℓ(tn)) ≤ ǫ (resp. d
(
yn, ℓ(tn + g(tn))
) ≤ ǫ).
ℓ(0)
C0
qn ℓ(tn)
ℓ(tn + g(tn))
γnC0
pn
xn
yn
ℓ(+∞)
As we have already seen (in the proof of Lemma 4.5), there exists a onstant c′′′1 > 0
suh that [qn, yn] is ontained in the c
′′′
1 -neighborhood of a geodesi ray [qn, ξn[ with ξn ∈
γn∂∞C0, and suh that for n big enough, d(pn, ℓ(0)) ≤ c′′′1 . By hyperboliity, the distane
between pn and the losest point of C0 to ξn is at most a onstant. By arguments similar
to the ones in the proof of Lemma 4.5, it is easy to prove that there exists a onstant
c′′′2 ≥ 0 suh that − log dC0(ξn, ℓ(+∞)) ≥ tn + g(tn)− c′′′2 and (using the fat that ℓ enters
in Nǫ(γnC0) at time tn) that |tn − d(pn, qn)| ≤ c′′′2 . As f is slowly varying, there exists a
onstant c′′′ ≥ 1 suh that dC0(ξn, ℓ(+∞)) ≤ c′′′f(D(rn)) e−D(rn). This proves the rst
assertion.
(2) Assume now that there exist a sequene (rn = [γn])n∈N of pairwise distint elements
in R0 and ξn ∈ γn∂∞C0 suh that dC0(ξn, ℓ(+∞)) ≤ 1c′′′ f(D(rn)) e−D(rn) for every n, for
some c′′′ ≥ 1 big enough, to be determined later on. Let us prove that ℓ is (ǫ, g)-Liouville.
Up to replaing ǫ by ǫ2 and ℓ by an asymptoti line, we may assume as above that ℓ(0) is
the losest point in C0 to ℓ(+∞).
By Lemma 4.1, we have that D(rn) = d(C0, γnC0) tends to +∞ as n→ +∞ (hene is
positive for n big enough). As above, by hyperboliity, the losest point of C0 to ξn is at
distane at most a onstant from the losest point of C0 to γnC0. By hyperboliity and
the denition of dC0 , there exists a onstant c
′′′
3 ≥ 0 suh that between the times t = D(rn)
and t = D(rn) + g(D(rn)) + log c
′′′ − c′′′3 , the geodesi ray ℓ is at distane at most c′′′3
from γnC0. Hene, as in Remark 4.7 (3), there exists a onstant c
′′′
4 ≥ 0 suh that both
ℓ(D(rn) + c
′′′
4 ) and ℓ(D(rn) + g(D(rn)) + log c
′′′ − c′′′3 − c′′′4 ) are at distane at most ǫ from
γnC0. Hene if c
′′′
is big enough, by setting tn = D(rn) + c
′′′
4 and as f is slowly varying,
the seond assertion follows. 
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Theorem 4.9 Let X be a proper CAT(−1) geodesi metri spae. Let Γ be a non elemen-
tary disrete group of isometries of X, with nite ritial exponent δ, of divergent type.
Let µ˜
BM
be its Bowen-Margulis measure. Assume that Card Γx ∩B(x, n) ≍ eδn, for some
x ∈ X. Let (Γi)i∈I be a nite family of almost malnormal onvex-oompat subgroups of
innite index in Γ with ritial exponents (δi)i∈I . Let δ+0 = supi∈I δi and δ
−
0 = inf i∈I δi.
Let g : [0,+∞[→ [0,+∞[ be a map suh that t 7→ f(t) = e−g(t) is slowly varying, and let
ǫ > 0.
If
∫ +∞
1 f(t)
δ−δ+0 dt diverges (resp.
∫ +∞
1 f(t)
δ−δ−0 dt onverges), then µ˜
BM
-almost every
(resp. no) element of GX is (ǫ, g)-Liouville with respet to (Γ,Γi) for every (resp. some)
i ∈ I.
Remark. (1) The result still holds for a ountable family (Γi)i∈I , under the assumption
that δ+0 < δ. There are examples of Γ\X with X and Γ as in the above theorem, suh
that the upper bound of the ritial exponents of the innite index subgroups in Γ is equal
to (resp. is stritly less than) the ritial exponent of Γ, as for instane the losed real
hyperboli 3-manifolds bering over the irle (resp. the losed quaternioni hyperboli
manifolds, see for instane [Leu℄).
(2) Assume in this remark that X is a Riemannian manifold, that Γ is oompat
and torsion free, and that Γ0 is the stabilizer of a geodesi line. This orrespond to the
hypotheses of Theorem 1.1 (that appear above it). Then there might be a simpler proof
using symboli oding, as indiated to us by V. Kleptsyn, using the fat that the geodesi
ow of Γ\X is then onjugated to a suspension of a Bernoulli shift. But this requires some
serious amount of work, sine some geometri features are diult, to say the least, to
translate by the oding. In our general situation, no suh oding is possible anyway.
Proof. Note that the divergene (resp. onvergene) of the integral in the statement is un-
hanged if one replaes f by a salar multiple of it. Also reall that µx0(
⋃
i∈I, γ∈Γ γΛΓi) = 0,
sine δ0 < δ (see Lemma 2.5).
When the index set I has only one element, the result follows from Theorem 4.6,
by onsidering the onformal density (µx)x∈X of dimension δ for Γ that is used in the
onstrution (realled in Setion 2) of µ˜
BM
(whih is ergodi sine Γ is of divergent type),
and by the lemmas 4.8, 4.3, 2.4.
Using the fat that nite or ountable unions of sets of measure 0 have measure 0, the
result for general I follows. 
Using the three examples at the beginning of Setion 4, the theorems 1.1, 1.3, 1.4 in
the introdution follow.
Similarly, to prove Proposition 1.5 of the introdution, we apply Theorem 4.9 to X = T
the tree in the statement of Proposition 1.5, with I = {0} and Γ0 the stabilizer in Γ of
a geodesi line in T mapping to the yle C in the statement of Proposition 1.5. We
replae the map g in Theorem 4.9 by g/L for the map g in Proposition 1.5 (the map
t 7→ exp(−g(t)/L) is still slowly varying). When Γ is oompat and torsion-free (anyone
of these two assumptions may be non satised), then the symboli dynamis argument
alluded to above works easily, and gives an alternate proof. But no suh oding is easy
in general, even for latties as simple as PSL2(Fq[X]) in PSL2
(
Fq((X))
)
, see for instane
[BP℄.
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Many other appliations are possible, we will only give the next one.
We refer to [GP℄ (see also [Bou2, HaP℄) for the denitions and basi properties of an
hyperboli building, whih in partiular, when loally nite, is a proper CAT(−1) geodesi
metri spae. For instane, for every integers p ≥ 5, q ≥ 3, let (Wp, Sp) be the hyperboli
Coxeter system generated by the reetions on the sides of a right angled regular real
hyperboli p-gon; Bourdon's building Ip,q is (see for instane [Bou2℄) the unique (up to
isomorphism) hyperboli building of dimension 2, modeled on (Wp, Sp), and whose links
of verties are bipartite graphs on q + q verties. It has a oompat lattie Γp,q with
presentation
〈s1, . . . , sp | ∀ i ∈ Z/pZ sqi = 1, [si, si+1] = 1〉 ,
where s1, . . . , sp are generators of the pointwise stabilizers of the p panels of a fundamental
hamber C of Ip,q. If q is even, let Γ0 be the subgroup (isomorphi to Wp) generated by
the elements s
q
2
i for 1 ≤ i ≤ p, whih is, by the simple transitivity of the ation of Γp,q on
the set of hambers, the stabilizer of a (unique) apartment AC in Ip,q ontaining C.
Remark 4.10 If q is even, then the subgroup Γ0 is almost malnormal in Γp,q.
Proof. (F. Haglund) Let V be the union of the losed hambers of Ipq meeting AC, whih
is invariant by Γ0. By onvexity (and arguments as in Poinaré's theorem about reetion
groups), the subgroup H of Γ generated by the pointwise stabilizers of the edges ontained
in the boundary of V has V as a strit fundamental domain, and is normalized by Γ0. The
subgroup Γ′ of Γ generated by H and Γ0, whih is isomorphi to their semi-diret produt,
has nite index in Γ, sine Γ is disrete and Γ0 ats transitively on the hambers of AC.
Let Γ′′ be a nite index torsion free subgroup of Γ′ (whih exists for instane sine Γp,q is
linear, see for example [Kap℄).
Let us prove that the stabilizer S = Γ′′ ∩ Γ0 of AC in Γ′′ is malnormal in Γ′′, whih
proves the result. Assume by absurd that there exists γ in Γ′′−S and s in S−{e} suh that
s and γsγ−1 preserve AC. By onstrution, two distint translates of AC by elements of
Γ′ are disjoint. Hene γ−1AC and AC are disjoint, and both preserved by s. The (unique)
shortest segment between γ−1AC and AC is then xed by s, whih ontradits the fat that
Γ′′ is torsion free. 
Corollary 4.11 Let X be a loally nite thik hyperboli building modeled on an hyperboli
Coxeter system (W,S). Let Γ be a oompat lattie in the automorphism group of X with
Bowen-Margulis measure µ. Let A be an appartment in X whose stabilizer ΓA in Γ ats
oompatly on A and is almost malnormal in Γ. Denote by k ≥ 1 the dimension of A
(hene of X), and by δ the Hausdor dimension of ∂∞X (for any visual distane). Let
f ≤ 1 be a slowly varying map, and ǫ > 0.
If
∫ +∞
1 f(t)
δ−k+1 dt onverges (resp. diverges), then for µ-almost no (resp. every) ℓ in
GX, there exist positive times (tn)n∈N onverging to +∞ suh that ℓ(t) belongs to ΓNǫA
for every t in [tn, tn − log f(tn)].
Proof. The apartments in an hyperboli building are onvex (for the CAT(−1) metri),
hene ΓA is onvex-oompat with ritial exponent k− 1. As X is thik, ΓA has innite
index in Γ. The result follows from Theorem 4.9 (with I a singleton). 
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Let us go bak to the general situation of Theorem 4.9. The following result is a
logarithm law-type result for the spiraling of geodesi lines in Γ\X around Γ0\C0. For
every ǫ > 0 xed, dene the penetration map p = pΓNǫC0 : GX × [0,+∞[ → [0,+∞[ in
ΓNǫC0 of the geodesi lines in X, in the following way. For (ℓ, t) ∈ GX × [0,+∞[ , if ℓ(t)
does not belong to ΓNǫC0, then let p(ℓ, t) = 0. Otherwise, let p(ℓ, t) be the upper bound
of the lengths of the intervals I in R ontaining t suh that there exists γ in Γ with ℓ(I)
ontained in γNǫC0.
Theorem 4.12 Let X be a proper CAT(−1) geodesi metri spae. Let Γ be a non ele-
mentary disrete group of isometries of X, with nite ritial exponent δ, of divergent type,
and let µ˜
BM
be the Bowen-Margulis measure of Γ. Assume that Card Γx ∩ B(x, n) ≍ eδn,
for some x ∈ X. Let Γ0 be an almost malnormal onvex-oompat subgroup of innite
index in Γ with ritial exponent δ0.
Then for every ǫ > 0, for µ˜
BM
-almost every ℓ in GX, we have
lim sup
t→+∞
p(ℓ, t)
log t
=
1
δ − δ0 .
Proof. For every γ in Γ suh that a geodesi line ℓ enters the ǫ-neighborhood of γC0, let
tℓ,γ be the entering time of ℓ in this neighborhood.
We apply Theorem 4.9 with gκ : t 7→ κ log(1 + t), whih is a Lipshitz map R+ → R+.
Note that the integral
∫ +∞
1 t
−(δ−δ0)κ dt diverges if and only if κ ≤ 1δ−δ0 . If κn = 1δ−δ0 + 1n
for n ∈ N − {0}, then the onvergene part of Theorem 4.9 implies that for µ˜
BM
-almost
every ℓ in GX, for every γ in Γ suh that ℓ meets γNǫC0 with tℓ,γ big enough, we have
p(ℓ, tℓ,γ) ≤ gκn(tℓ,γ). Hene
lim sup
t→+∞
p(ℓ, t)
log t
= lim sup
p(ℓ, tℓ,γ)
log(1 + tℓ,γ)
≤ κn ,
where the upper limit is taken on the γ ∈ Γ−Γ0 suh that ℓ meets γNǫC0 and tℓ,γ tends to
+∞. As n→ +∞, we get that lim supt→+∞ p(ℓ,t)log t ≤ 1δ−δ0 . Similarly, using the divergene
part of Theorem 4.9 with the funtion g = gκ where κ =
1
δ−δ0 , we get that for µ˜BM-almost
every ℓ in GX, lim supt→+∞ p(ℓ,t)log t ≥ 1δ−δ0 . 
Corollary 1.2 in the introdution follows immediately.
5 Non-arhimedean Diophantine approximation by quadra-
ti irrational numbers
Let us now give an appliation of our results to Diophantine approximation in non-
arhimedian loal elds.
Let K̂ = Fq((X
−1)) be the eld of formal Laurent series in the variable X−1 over the
nite eld Fq. Reall the denition of the absolute value of an element f ∈ K̂ − {0}. Let
f =
∑∞
i=n aiX
−i
where n ∈ Z and an 6= 0. Then we dene ν(f) = n and |f |∞ = q−ν(f).
Endow the loally ompat additive group K̂ with its (unique up to a onstant fator)
Haar measure µ. Let K = Fq(X).
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Let Tq be the Bruhat-Tits tree of (SL2, K̂); we refer to [Ser℄ for any bakground on
Tq. Identify as usual ∂∞Tq and K̂ ∪ {∞}, so that the ation of SL2(K̂) on Tq extends
ontinuously by the ation by homographies of SL2(K̂) on K̂∪{∞}. Let x0 be the standard
base point in Tq. Note that the Hausdor dimension of the visual distane dx0 is log q, as
Tq is a regular tree of degree q + 1.
We refer for instane to [Las, Sh℄ for nie surveys of the Diophantine approximation
properties of elements in K̂ by elements in K, a geometri interpretation of whih being
given in [Pau℄. Here, we are interested in approximating elements of K̂ by elements in
the set K2 of irrational quadrati elements in K̂ over K. For every α in K2, let α
∗
be its
Galois onjugate (the other root of its minimal polynomial), and dene its height by
h(α) = |α− α∗|∞−1 .
We will not make preise here the relationship with the standard height of an element of
the projetive line over the algebrai losure of K, see for instane [HS℄.
Let Γ = PSL2(Fq[X]) = SL2(Fq[X])/{±id}, whih is a (non-uniform) lattie of Tq
(see for instane [Ser℄), hene a non-elementary disrete group of isometries of Tq, whose
ritial exponent δ is equal to the Hausdor dimension of dx0 , that is δ = log q. See for
instane [BP℄ for a (well known) proof that the restritions to ∂∞Tq − {∞} = K̂ of the
Patterson-Sullivan measures of Γ have the same measure lass as the Haar measure µ of
K˜.
Proof of Theorem 1.6. Let γ0 be an hyperboli element of Γ, C0 be its translation
axis in Tq, and Γ0 be the stabilizer of C0 in Γ, whih is onvex-oompat with ritial
exponent δ0 = 0. It is easy to verify that the set of points at innity of C0 is {α,α∗} for
some α in K2; and that any suh pair is the set of endpoints of some hyperboli element of
Γ (one an for instane use the fat that Artin's ontinued fration expansion of an element
in K2 is eventually periodi (see for example [Las℄)).
Note that for every γ ∈ Γ and α ∈ K2, the element γα is still in K2, (γα)∗ = γα∗ and
γ{α,α∗} ∩ {α,α∗} 6= ∅ if and only if γ ∈ Γ0.
Denote by d∞ the Hamenstädt distane on ∂∞Tq−{∞} = K̂ dened by the horosphere
entered at ∞ and passing through x0. It is proved in [Pau, Coro. 5.2℄ that d∞(ξ, ξ′) =
|ξ − ξ′|
1
log q∞ , for every ξ, ξ′ in K̂.
Lemma 5.1 For every ξ0 in K̂ − {α,α∗}, there exists a neighborhood V of ξ0 and a
onstant c∗ > 0 suh that for every ξ, ξ′ in V ,
dC0(ξ, ξ
′) = c∗ d∞(ξ, ξ′) = c∗ |ξ − ξ′|
1
log q∞ .
Furthermore, for every γ in Γ− Γ0 suh that γα and γα∗ belongs to V , we have
e−D([γ]) = c∗ |γα− γα∗|
1
log q∞ .
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Proof. Let p0 be the intersetion of the geodesi line ]∞, ξ0[ in
Tq with the horosphere entered at ∞ passing through x0. Let
q0 = πC0(ξ0), and u0 ∈ X suh that ]ξ0,∞[ ∩ ]ξ0, q0] = ]ξ0, u0].
In the piture on the right, we assume that C0 and ]∞, ξ0[ are
disjoint, and that p0 ∈ [u0,∞[. But the following reasoning
is independent of these assumptions. Let c∗ = e−βξ0 (q0,p0). If
ξ, ξ′ are lose enough to ξ0, and ]ξ,∞[ ∩ ]ξ′,∞[ = [p,∞[ , then
p0, u0 ∈ [p,∞[ , πC0(ξ) = πC0(ξ′) = q0, βξ0(q0, p0) = d(q0, p) −
d(p0, p), d∞(ξ, ξ′) = e−d(p0,p) and dC0(ξ, ξ′) = e−d(q0,p), hene
the rst result follows.
As dC0(γα, γα
∗) = e−D([γ]) if γα, γα∗ are losed enough to
ξ0 (see Equation (- 1 -)), the seond result follows from the rst
one. 
∞
ξξ′
q0
p C0
ξ0
u0
x0
p0
Let ϕ : [0,+∞[ → ]0, 1] be a map with t 7→ f(t) = ϕ(qt) 1log q slowly varying, and let
g : t 7→ − log f(t) = − logq ϕ(qt), so that ϕ(t) = q−g(logq t). By an easy hange of variable,
the integral
∫ +∞
1 ϕ(t)/t dt diverges if and only if
∫ +∞
1 f(t)
log q dt diverges.
By the above lemma and as f is slowly varying, for every ompat subset A of K̂ −
{α,α∗}, there exist positive onstants c′∗, c′′∗ suh that for every ξ in A,
• if (rn = [γn])n∈N is a sequene in R0 with D(rn)→ +∞ as n→ +∞ and dC0(ξ, γnα)
≤ c′∗ f(D(rn)) e−D(rn) for every n big enough, then h(γnα)→ +∞ as n→ +∞ and,
for every n big enough,
|ξ − γnα|
1
log q∞ ≤ e−g(− log |γnα−γnα∗|
1
log q
∞ ) |γnα− γnα∗|
1
log q ,
that is
|ξ − γnα|∞ ≤ ϕ(h(γnα))
h(γnα)
;
• onversely, if (γn)n∈N is a sequene in Γ with h(γnα)→ +∞ as n→ +∞ (in partiular
γn /∈ Γ0 for n big enough) and |ξ−γnα|∞ ≤ ϕ(h(γnα))h(γnα) for every n big enough, then with
rn = [γn], we have D(rn)→ +∞ as n→ +∞ and dC0(ξ, γnα) ≤ c′′∗ f(D(rn)) e−D(rn)
for every n big enough.
Hene by Theorem 4.6, if
∫ +∞
1 ϕ(t)/t dt diverges, then for µ-almost every ξ in K̂, there
exist a sequene (βn)n∈N in the ongruene lass of α inK2, with h(βn)→ +∞ as n→ +∞,
suh that |ξ − βn|∞ ≤ ϕ(h(βn))h(βn) . This an be written as lim inf
ϕ(h(β))
h(β) |ξ − β|∞ ≤ 1, where
the lower limit is taken over β in the ongruene lass of α with h(β) → +∞. Replaing
ϕ by 1kϕ and letting k go to +∞, this proves the divergene part of Theorem 1.6 in the
introdution. The onvergene part follows similarly. 
By taking ϕ : t 7→ t−s in Theorem 1.6 with s ≥ 0, the next result, whih in partiular
says that almost every element of K̂ is badly approximable by quadrati irrational elements
of K̂, follows immediatly.
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Corollary 5.2 For µ-almost every x in K̂, lim inf h(β)|x−β|∞ = 0, and, for every s > 0,
lim h(β)1+s|x − β|∞ = +∞, where the lower limit and limit are taken over the quadrati
irrational elements β in K̂, in any (resp. some) ongruene lass, with h(β)→ +∞. 
6 Approximating points
Let X be a proper CAT(−1) geodesi metri spae. Let Γ be a non elementary disrete
group of isometries of X, with nite ritial exponent δ. In this setion (whih is a joint
work with C. S. Aravinda), we will also apply our geometri avatar of the Borel-Cantelli
Lemma, Theorem 3.1, to prove a Khinthine-type result for the approximation of a point
by geodesi lines in X.
Let x0 ∈ X be a base point. For every C ≥ 0, a point ξ in ∂∞X will be alled a C-
strongly onial limit point if there exist a geodesi line ρ with ρ(+∞) = ξ and a sequene
(γn)n∈N in Γ, suh that (γnx0)n∈N onverges to ξ, d(γnx0, ρ) ≤ C and d(γnx0, γn+1x0) ≤ C.
Note that if ξ is a C-strongly onial limit point with respet to x0, then ξ is a C
′
-strongly
onial limit point with respet to any other base point x′0 for C ′ = C + 2 d(x0, x′0). And
if ξ is a C-strongly onial limit point for the geodesi line ρ, then ξ is a (C + ǫ)-strongly
onial limit point with respet to any other geodesi line ρ′ asymptoti to ρ, for every
ǫ > 0.
Examples.
(1) If ξ is a xed point of an hyperboli element γ of Γ, then ξ is a C-strongly onial
limit point with C = max{d(x0, Aγ), d(x0, γx0)}, where Aγ is the translation axis of γ.
(2) If Γ is onvex-oompat, then there exists a onstant C ≥ 0 suh that any limit
point of Γ is a C-strongly onial limit point.
The following result is (a slight adaptation of) the well-known Sullivan's shadow lemma,
see for instane [Bou1, page 93℄.
Lemma 6.1 For every onformal density (µz)z∈X of dimension δ for Γ, for every C ≥ 0,
there exists c ≥ 1 suh that for every C-strongly onial limit point ξ, for every ǫ ∈ ] 0, 1],
1
c
ǫδ ≤ µx0(Bdx0 (ξ, ǫ)) ≤ c ǫδ . 
The following result is the main tehnial tool from whih Theorem 6.3 in the intro-
dution follows.
Theorem 6.2 Let X be a CAT(−1) proper geodesi metri spae. Let x, y be points in
X. Let Γ be a non elementary disrete subgroup of isometries of X. Let (µz)z∈X be a
onformal density of dimension δ for Γ, for some δ in ]0,+∞[ . Assume that there exist
onstants c0, C0 > 0 suh that Card {γ ∈ Γ : d(x, γy) ≤ n} ∼ c0 eδn, and that for every
z in Γy exept nitely many of them, there exists a geodesi ray ρz starting from x, passing
through z and ending at a C0-strongly onial limit point. Let f : [ 0,+∞[ → ] 0,+∞ [ be
a slowly varying map, with f(t) onverging to 0 as t→ +∞. Let Ef be the set of points in
∂∞X whih belong to innitely many balls Bdx
(
ργy(+∞), f(d(x, γy)) e−d(x,γy)
)
for γ in Γ.
[A℄ If
∫∞
1 f(t)
δdt onverges, then µx(Ef ) = 0.
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[B℄ If there exists a sequene (tn)n∈N in R, with tn → +∞ as n → +∞ and tn+1 ≥
tn − log f(tn) for every n, suh that
∑
n∈N f(tn)
δ
diverges, then µx(Ef ) > 0.
Proof. Sine Γ is disrete, the stabilizer Γy of y in Γ is nite, and there exists c1 ∈ ] 0, 1]
suh that for every γ, γ′ in Γ, if d(γy, γ′y) ≤ 4 c1, then γy = γ′y, that is the lass of γ
and γ′ in Γ/Γy are equal. It an be easily heked that for [γ] in Γ/Γy, the objets ργy and
d(x, γy) are well dened.
Let t′0 > 0 be big enough so that f(t) ≤ 1e for t ≥ t′0, and that for every γ in Γ suh that
d(x, γy) ≥ t′0, the geodesi ray ργy is dened. In ase [A℄, dene t0 = t′0 and by indution
tn+1 = tn + 1 for every n in N. In ase [B], as tn → +∞, we may assume, up to shifting
the indies, that t0 ≥ t′0.
For every n in N, let
In = {γ ∈ Γ/Γy : tn ≤ d(x, γy) < tn + c1} ,
and I =
⋃∞
n=0 In. By the disreteness of Γ, the subsets In are nite, and pairwise disjoint
sine c1 ≤ 1, using also the hypothesis on the range of f in ase [B℄.
Sine f is slowly varying, there exists c2 ≥ 1 suh that f(y) ≤ c2f(x) if |y − x| ≤ c1.
Let g = − log f , whih is non negative on [t′0,+∞[ , and c3 = min{c1, 1c2} e−c1 , whiqh
belongs to ] 0, 1]. Note that the onstants c1, c2, hene c3, are unhanged if one replaes f
by a salar multiple of it. For every n in N and ǫ > 0, dene
f1(n) = e
δtn , f2(n) = c3 e
−tn , f3(n) = c3 e−tn−g(tn), f4(n) = c−δ3 , f5(ǫ) = ǫ
δ .
The series
∑
n∈N f1(n)f4(n)f5(f3(n)) onverges if and only if the series
∑
n∈N f(tn)
δ
on-
verges, whih in ase [A℄ is true if and only if the integral
∫ +∞
1 f
δ
onverges, as f is slowly
varying.
For every γ in I and ǫ > 0, let Bγ(ǫ) = Bdx(ργy(+∞), ǫ), whih is measurable and
non-dereasing in ǫ.
Let us prove that the nite measured spae (∂∞X,µx), the family (Bγ(ǫ))γ∈I, ǫ>0, the
nite-to-one map I → N dened by γ 7→ nγ = n if γ ∈ In, and the above maps f1, f2, f3, f4,
f5 satisfy the assumptions of Theorem 3.1.
Assumption (1) of Theorem 3.1 is satised as g(tn) ≥ 0 for every n. Assumption (2) is
satised by the denition of f4. Assumption (3) holds true with for instane c
′ = 2, c′′ = 2δ.
Assumption (4) follows by the hypothesis on the growth of the orbit Γy (ounting elements
of Γ/Γy rather than of Γ only divides the number by Card(Γy) ). Assumption (5) is satised
by Lemma 6.1, as f2 ≤ 1 and f4 is onstant.
Let us prove Assumption (6) of Theorem 3.1. Given n in N and distint α, β in In,
assume by absurd that Bα(f2(n)) intersets Bβ(f2(n)) non trivially. By Lemma 2.1 (1), the
ball Bdx(ργy(+∞), c1 e−d(x,γy)) is ontained in xB(γ y, c1) for every γ ∈ I. As d(x, α y) ≤
tn+c1 and c3 ≤ c1 e−c1 , we have f2(n) ≤ c1 e−d(x,α y), and similarly for β. Hene xB(αy, c1)
intersets xB(β y, c1) non trivially. There exists a geodesi ray ρ starting from x and
passing at distane at most c1 from both α y and β y. Let p, q be the losest point of
αy, βy respetively on ρ, with (up to permuting α and β) q ∈ [x, p]. As α, β ∈ In and sine
the losest point maps do not inrease distanes, we have
d(α y, β y) ≤ d(p, q) + 2 c1 = d(x, p)− d(x, q) + 2 c1 ≤ d(x, αy) − d(x, βy) + 3 c1 ≤ 4 c1 .
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This ontradits the denition of c1.
Finally, let us prove Assumption (7) of Theorem 3.1 under the hypotheses of Case
[B℄. For m > n, take (α, β) in In × Im, and assume that Bβ(f3(m)) intersets Bα(f3(n))
non trivially. Let w be a ommon point of these balls. Sine f3 ≤ f2, tm ≥ tn+1 and
tn+1 ≥ tn + g(tn), we have f3(m) ≤ f2(m) ≤ f2(n + 1) ≤ f3(n). Then, for every z in
Bβ(f2(m)), we have
d(z, ραy(+∞)) ≤ d(z, ρβy(+∞)) + d(ρβy(+∞), w) + d(w, ραy(+∞))
≤ f2(m) + f3(m) + f3(n) ≤ 3f3(n) .
Therefore Bβ(f2(m)) is ontained in Bα(3f3(n)), whih proves the laim.
Let E′f be the subset of points of ∂∞X whih, as γ ranges over I, belong to innitely
many balls Bγ(f3(nγ)). As 0 ≤ d(x, γy) − tn ≤ c1 if γ ∈ In, and sine c3 ≤ 1c2 e−c1 , we
have, for every γ in Γ,
Bγ(f3(nγ)) ⊂ Bdx
(
ργy(+∞), f(d(x, γy)) e−d(x,γy)
) ⊂ Bγ(c2
c3
f3(nγ)
)
. (- 12 -)
In ase [B℄, it follows from Theorem 3.1 that µx(E
′
f ) > 0. By Equation (- 12 -), we have
µx(Ef ) > 0.
In ase [A℄, sine the onvergene or divergene of the integral
∫ +∞
1 f
δ
is unhanged if
one replaes f by a salar multiple of it, Theorem 3.1 implies that µx(E
′
c2
c3
f
) = 0. It follows
similarly from Equation (- 12 -) that µx(Ef ) = 0. 
Given a omplete Riemannian manifold M , reall (see [HP1℄) that an element v in
T 1M , or its assoiated geodesi line ρ in M , is alled f -Liouville at x0 if there exists a
sequene of times (tn)n∈N tending to +∞ suh that d(ρ(tn), x0) ≤ f(tn) for every n. The
following result is joint work with C. S. Aravinda.
Theorem 6.3 Let M be a losed manifold with setional urvature at most −1, let x0 be
a point in M , and let µ be the maximal entropy probability measure for the geodesi ow
of M , with h its topologial entropy. Let f be a slowly varying map.
(1) If f(t) and e−t/f(t) onverge to 0 as t→ +∞, if the integral ∫∞u f(t)h− log f(t) dt diverges
(for some u big enough), then µ-almost every geodesi line is f -Liouville at x0.
(2) If the setional urvature of M satises −a2 ≤ K ≤ −1, and if ∫∞1 f(t)ha dt
onverges, then µ-almost no geodesi line is f -Liouville at x0.
Proof. Let X → M be a universal overing of M , with overing group Γ (whih is non
elementary), let x be a lift of x0, and take y = x. For every z in Γy − {y}, let ρ be the
geodesi ray starting from x through z, whih ends at a (uniformly) strongly onial limit
point, asM is ompat. Let (µz)z∈X be the (unique up to positive salar multiple) ergodi
onformal density of dimension equal to the ritial exponent δ of Γ (whih is equal to h,
as M is ompat). Sine M is ompat, we have Card {γ ∈ Γ : d(x, γy) ≤ n} ∼ c0 eδn
for some onstant c0 > 0. Hene the general hypotheses of Theorem 6.2 on X,Γ, (µz)z∈X
are satised.
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Let us prove the rst assertion of Theorem 6.3. Let f∗ : [0,+∞[→ ]0, 1e ] be a slowly
varying non inreasing map suh that
f∗(t)
f(t) tends to 0 as t→ +∞ (so that in partiular f∗
onverges to 0 at +∞) and ∫∞u f∗(t)h− log f∗(t) dt still diverges. Fix t0 ≥ 1 suh that f∗(t0) ≤ 1e
for t ≥ t0. Dene by indution tn+1 = tn − log f∗(tn). In partiular, the sequene (tn)n∈N
onverges to +∞. As f∗ is non inreasing, we have∫ tn+1
tn
f∗(t)δ
− log f∗(t) dt ≤
f∗(tn)δ
− log f∗(tn) (tn+1 − tn) = f∗(tn)
δ .
Hene
∑
n∈N f∗(tn)
δ
diverges. Therefore the hypotheses of Theorem 6.2 [B℄ are satised
for f∗.
Denote by S the measurable set of elements ξ in ∂∞X whih belong to innitely many
visual balls Bdx
(
ργx(+∞), f∗(d(x, γx)) e−d(x,γx)
)
as γ ranges over Γ. By Lemma 2.1 (1),
this ball is ontained in the shadow x
(
B(γx, f∗(d(x, γx)))
)
. For every ξ in S, let ρξ be the
geodesi ray starting from x and ending at ξ. As f∗(t) ≤ 1 if t ≥ t0 and as f∗ is slowly
varying, there exist a onstant c1 > 0 and sequenes (sn)n∈N in [0,+∞[ onverging to +∞
and (γn)n∈N in Γ suh that d(ρξ(sn), γnx) ≤ c1 f∗(sn) for every n. For every ξ in S, let Sξ
be the set of elements v in T 1M suh that the point at innity of some geodesi line ρv,
whih is a lift by X →M of the geodesi line in M assoiated to v, is equal to ξ. Sine X
is CAT(−1), if ρ, ρ′ are asymptoti geodesi rays, then there exists c > 0 and τ ∈ R suh
that d(ρ(t), ρ′(t+τ)) ≤ c e−t for every t ≥ max{0,−τ}. Sine f is slowly varying, for every
v ∈ Sξ, there exist hene a onstant c′ > 0 and sequenes (s′n)n∈N in [0,+∞[ onverging
to +∞ and (γn)n∈N suh that
d(ρv(s
′
n), γnx) ≤ c′(f∗(s′n) + e−s
′
n) ≤ f(s′n) ,
for n big enough. Hene every v ∈ Sξ is f -Liouville, for every ξ ∈ S. By Theorem 6.2 [B℄,
the set S has positive measure for µx. Hene the set S ′ =
⋃
ξ∈S Sξ (whih is measurable)
has positive measure for µ, by Lemma 2.4. As S ′ is invariant under the geodesi ow by
onstrution, and by ergodiity, it has full measure. This proves the result.
Let us now prove the assertion (2) of Theorem 6.3. As f is slowly varying, the onver-
gene of the integral
∫∞
1 f
δ
a
implies that f onverges to 0 as t→ +∞. For every v in T 1M ,
let ρv be a lift by X →M of the geodesi line in M assoiated to v, let ξv = ρv(+∞) and
let ρ′v be the geodesi ray from x to ξv. If v is f -Liouville at x0, then there exist sequenes
(sn)n∈N in [0,+∞[ onverging to +∞ and (γn)n∈N in Γ suh that d(ρξ(sn), γnx) ≤ f(sn)
for every n. Sine f is slowly varying and sine ρ′v and ρv are asymptoti, as above, there
exist k in N − {0}, a sequene (s′n)n∈N in [0,+∞[ onverging to +∞, and (γn)n∈N in Γ,
suh that d(ρ′v(s′n), γnx) ≤ k(f(s′n)+ e−s
′
n) for every n. In partiular, as f(t) ≤ 1 if t is big
enough, if v is f -Liouville, then there exists k′ in N−{0} suh that ξv belongs to innitely
many shadows x
(
B
(
γx, k′(f(d(x, γx)) + e−d(x,γx))
))
for γ ∈ Γ. By Lemma 2.1 (2), this
shadow is ontained, exept for nitely many γ ∈ Γ, in the ball
Bγ,k′′ = Bdx
(
ργx(+∞), k′′
(
f(d(x, γx)) + e−d(x,γx)
) 1
a e−d(x,γx)
)
,
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for some positive integer k′′. If u, v, w > 0, reall that (u + v)w ≤ 2w(uw + vw). Hene
sine
∫∞
1 f
δ
a
onverges, the integral
∫∞
1
(
k′′(f(t) + e−t)
1
a
)δ
dt also onverges. The map
t 7→ k′′(f(t)+ e−t) is slowly varying. By Theorem 6.2 [A℄, the measure of the set of points
in ∂∞X whih belong to innitely many balls Bγ,k′′ , as γ ranges over Γ, has measure 0 for
µx. By Lemma 2.4, and sine a ountable union of measure zero subsets is a measure zero
subset, the result follows. 
For every α > 0, let fα : t 7→ 1(2+t)α , whih is slowly varying, with f(t) and e−t/f(t)
onverging to 0 as t→ +∞. For every h > 0, the integral ∫∞1 fhα− log fα diverges if and only
if α ≤ 1h and the integral
∫∞
1 f
h
α onverges if and only if α >
1
h . By applying Theorem 6.3
with M having onstant urvature −1, so that h = n− 1, with f = f 1
h
± 1
n
where n→ +∞,
Theorem 1.7 of the introdution follows, in the standard way one dedues a logarithm
law-type theorem from a Khinthine-type theorem.
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